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Abstract

Completely randomized experiment is the gold standard for causal inference. When the
covariate information for each experimental candidate is available, one typical way is to include
them in covariate adjustments for more accurate treatment effect estimation. In this paper,
we investigate this problem under the randomization-based framework, i.e., that the covariates
and potential outcomes of all experimental candidates are assumed as deterministic quanti-
ties and the randomness comes solely from the treatment assignment mechanism. Under this
framework, to achieve asymptotically valid inference, existing estimators usually require either
(i) that the dimension of covariates p grows at a rate no faster than O(n*?) as sample size
n — oo; or (ii) certain sparsity constraints on the linear representations of potential outcomes
constructed via possibly high-dimensional covariates. In this paper, we consider the moder-
ately high-dimensional regime where p is allowed to be in the same order of magnitude as n.
We develop a novel debiased estimator with a corresponding inference procedure and establish
its asymptotic normality under mild assumptions. Our estimator is model-free and does not
require any sparsity constraint on potential outcome’s linear representations. We also discuss
its asymptotic efficiency improvements over the unadjusted treatment effect estimator under
different dimensionality constraints. Numerical analysis confirms that compared to other re-
gression adjustment based treatment effect estimators, our debiased estimator performs well in
moderately high dimensions.

Keywords: randomization-based inference, causal inference, regression adjustment, high-dimensional
statistics

1 Introduction
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Since the seminal work of [ ], completely randomized experiment has been the gold
standard for causal inference. By using only the randomization in treatment assignments as the
reasoned basis, completely randomized experiments can provide a valid inference of treatment ef-
fects without any model or distributional assumptions on the experimental candidates, such as
being i.i.d. sampled from some superpopulation or some other model assumption that may be un-
verifiable in practice. Such inference is often called randomization-based or design-based inference,
sometimes also called finite-population-based inference to emphasize its focus on just candidates in
the experiment. Evaluating causal effects under this inferential framework has been an active area
of research in the past few years [e.g. , , , , , , ,
, , ], which is also the framework we focus on in this paper.



When the covariate information of each experimental candidate is available, it is often popular
to use regression adjustment in the analysis stage to utilize the additional covariate information to
improve estimation precision [Lin, , , , , ,

, ]. [ | showed that in completely randomized experiments, regression adjustment
can improve the asymptotic efficiency of average treatment effect estimation when the dimension
of covariates p is fixed as the sample size n goes to infinity. However, in modern experiments,
researchers can collect a large number of covariates. It is important to develop methodology and
theory for high-dimensional settings where p — oo as the sample size goes to infinity.

In the high-dimensional regime where p > n, the LASSO-adjusted estimator | ,

| has been proposed to estimate causal effect with high accuracy. However, it is under the
requirement that the potential outcomes can be well represented by a sparse linear function of the
high-dimensional covariates, which can be unrealistic in practice. In the lower dimensional regime,

[ ] improved Lin’s method by debiasing and guaranteed improvement of estimation
efficiency compared to the difference in means estimator when p = O(n%?/(logn)/?), without any
assumption on the sparsity of potential outcome’s linear representations. However, when p grows
faster than that rate, the theory for Lei’s estimator is not applicable anymore. In practice, we have
also found that Lei’s estimator may not achieve the desired performance when p is relatively large,
as we will show later in the numerical analysis section of this paper.

In this paper, we consider the moderately high-dimensional regime where p is allowed to be in the
same order of magnitude as n. We develop a novel debiased estimator with a corresponding inference
procedure and establish its asymptotic normality and inference validity. Our estimator guarantees
improvement of estimation efficiency over the unadjusted estimator in the regime p = o(n). In the
higher dimensional regime where p can be in the same order of magnitude as n, we prove that if the
empirical correlation between potential outcomes and covariates is sufficiently large relative to p/n,
we can guarantee efficiency improvement compared to the simple difference in means estimator that
estimates causal effect without any adjustment on the collected covariates. Noteworthy, our theory
for asymptotic normality and inference validity is based on some standard regularity conditions on
potential outcomes and their empirical regression residuals, beyond that, no assumption is required
on the observed covariate features. This allows us to provide valid inferences even with heavy-tailed
covariates.

Before moving forward, it would be convenient to introduce some notations that will be used in
the rest of this paper. Given n d-dimensional samples a,...,a, of a variable a, we let a denote
its empirical average, and let S% := —L- 3" | (a; —a)(a; —a)" be the empirical covariance matrix
of a. Given n samples of two variables a and b, we write Sqp := —1 > 7 | (a; —a)(b; — b) " as its
empirical covariance matrix. Analogously, given a matrix A € R™*", we define the scaled variance
of variable a, 5’124,0 and scaled covariance of variables a and b as

Pra= 53 (e —a)(a; @)

n—1 i=1 j=1
1 n n - _
SA,a,b = w1 ZZA”(G,Z — a)(bj - b)T
i=1 j=1

Apparently, S2 = S%a, where I is the identity matrix. Given a sequences of random variables U,

we use U, ~ N(0,1) to denote that it converges in distribution to a standard normal distribution.
We write H € R™" as the hat matrix where H;; := (n — 1)71(X; — X)TS32(X; — X).



1.1 Framework, literature review and overview of contributions

We consider an experiment with n experimental units and two arms z € {0,1}. We restrict
the experiment to be a completely randomized experiment where the experimenter selects nq units
uniformly at random to the treatment group, and the rest ng units to the control group. To describe
causality, we adopt the potential outcome framework, where for each experimental candidate 1,
we assume there are two potential outcomes Y;j(1) and Y;(0), where Y;(z) denotes the potential
outcome of unit ¢ had unit ¢ been assigned to group z. Then the observed outcome Y; satisfies
Y: = Z;Yi(1) + (1 — Z;)Y;(0), where the random variable Z; € {0,1} denotes the treatment arm
assigned to unit .

In this paper, we consider the randomization-based framework where all the potential outcomes
(Y;(1),Y;(0)) are considered deterministic and the randomness comes only from the randomness in
the treatment assignment mechanism. This regime has a long history in the study of randomized
experiments | , . Under this regime, our target of interest then becomes
estimating the sample average treatment effect:

1 n
o= — E 7; where 7 =Y;(1)—Y;(0).
n
=1

According to the finite-population central limit theorem | , ], one can prove that under
some standard regularity conditions, as n goes to infinity, the simple difference in mean estimator
Tunadj ‘= n—ll Yo ZY — nio Yo (1 = Z)Y; is guaranteed to provide asymptotically normal and
unbiased estimation of 7. Specifically, writing r, := n,/n as the proportion of units in treatment
arm z, we have

V1 (Funad] — T)/0cre ~ N(0,1)  where o2, := rflS}%(l) + 7"615'32/(0) - 82,

When each experimental unit ¢ has a deterministic covariate information X; of dimension p indi-
cating its properties, such as age, education, and body weights, a typical choice is to use regression
adjustment to incorporate these information for more efficient treatment effect estimation. By
defining ,BZ = S}lsx’y(z), and EIZ as an empirical estimate of ,BZ using samples in the treat-
ment arm z, [ | showed that in the regime where p is assumed as a fixed constant, the
regression-adjusted estimator:

= OIS BI(Xi = X0} - (1= Z){Y; - By (X: - X)) (1)
has the representation
g 7= LY 20 1) 4 7 e0) + onl1/ V), ®)
=1
where

_ ~T _
ei(z) :==Yi(z) =Y (2) - B, (Xi — X) (3)
corresponds to the regression residual of Y;(z). Thus, from standard results in finite population
central limit theorem (see e.g. [ ] and the references therein), it has the asymptotic
distribution
\/ﬁ(%adj — %)/O'ad.] ~ N(O, 1) Where Ugd‘] = 7'1_152(1) + T0_152(0) — 572'57

€ €



where 7 ; := €;(1) —¢;(0) corresponds to the individual difference of the residuals in two treatment
arms. As an extension, [ | showed that in the regime p = o(y/n), the above
conclusion still holds. Moreover, they proposed a debiased estimator which is asymptotically normal
in the regime p = O(n%?/(logn)'/3).

In this paper, we develop a new regression adjustment-based ATE estimator in the higher
dimensional regime where p is allowed to be in the same order of magnitude as n. Under this
regime, a major challenge is that the inverse covariance matrix used in the construction of Bz is
based on the X;’s in treatment arm z, which is hard to analyze with large p. Because of this,
in this paper, we instead consider a variant of regression adjustment estimator where the inverse
covariance matrix is instead constructed using covariate information on the entire dataset, i.e. that
we instead set Bz = S;(styy(z)l, where sx y(.) denotes an empirical estimate of Sx y(.) using
samples from treatment arm z, and set 7,q4j as in (1) but with the new J&; »- In other words, compared

to the definition at [ ], [ |, the main difference is that we use the X;’s
of the entire sample to construct the inverse covariance matrix, not only those in treatment arm
z. Such a variant has been discussed before by [ 1, [ | in the

lower dimensional regime. Building on this variant of regression adjustment-based estimator, we
propose a new debiased estimator for average treatment effect estimation; we prove that in an
asymptotic regime where p = o(n), the debiased estimator is asymptotically normal with the same
variance as in the fixed dimensional regime, namely agdj. We also derive the asymptotic distribution
of the debiased estimator in the higher-dimensional regime where p can be in the same order of
magnitude as n and propose sufficient conditions so that the debiased estimator is asymptotically
more efficient than the unadjusted estimator. As far as we are aware, both regimes have not been
well investigated by existing randomization-based framework literature.

Finally, we would like to remark that besides the randomization-based framework we consider
in this manuscript, another choice is the superpopulation framework, which assumes that the
experimental units must be randomly sampled from some superpopulation. This framework is also
popular in literature, some examples include [ ], [ ],

[2021].

The rest of this paper is organized as follows. In Section 2, we present our new estimator, and
prove its asymptotic normality in the regime p = o(n). In Section 3, we prove its asymptotic con-
vergence in the higher dimensional regime where p is allowed to be in the same order of magnitude
as n and discuss conditions so that it is asymptotically more efficient than without regression ad-
justment. In Section 4, we present a new confidence interval construction method. In Section 5, we
discuss the regularity conditions involved in Sections 2—4. We further conduct a numerical analysis
in Section 6. We end with a concluding remark in Section 7.

2 A debiased regression adjustment estimator

In this section, we discuss how our debiased estimator is constructed, and present its asymptotic
property in the regime p = o(n). As will be demonstrated in the Supplementary Material, under
some regularity conditions that will be discussed further later in this section, there exists some ¢;

'"From here and below, we assume throughout that p < n, so that the regression adjustment estimator is well
defined.



and ¢;; depending only on the pre-treatment variables such that the following decomposition holds:

TadJ—T——WZH”( ~Y(1) Yi(0) Y(O)> @)

2
n 7’1 L)

+1 —r1)e + le Y (Zi=r)(Zj = ri)eiy + oe(1/V),

n ,
i#]

where the form of ¢; and ¢;; will be demonstrated in the Supplementary Material. Apparently, the
second term is of mean zero. For the third term, since the Z;’s are just weakly dependent, one
can also show that its mean is approximately zero. Therefore, the first term constitutes the bias.
Based on this, we propose a new debiased ATE estimator via stripping the original 7,4; with an
approximately unbiased estimator of the first term, which is constructed based on the observations
in the two treatment arms:

X X (Y; — Y 1 Y; — Y
Tdb ‘= Tadj + riro Z Hu 1) - Z Hu(zizo) ) (5)
Lizi=1 :2;=0 "1

where different from Y (z), Y, is the estimated mean using the outcome data in treatment arm 2.
Below we provide an asymptotic convergence guarantee of 741, in the asymptotic regime p = o(n).
Our new guarantee is based on the following 4 assumptions:

Assumption 1. For z = 0,1, r, tends to a limit in (0, 1).

Assumption 2. For z =0,1, > | (Y;(2) — Y(z))2 = O(n).

Assumption 3. Consider the e;(z) in (3), as n — oo,

maxmax |Y;(z) — Y (2)|/v/n — 0 & maxmax|e;(2)|/v/n — 0.

Assumption 4. liminf, . 0' i > 0.

Assumptions 1, 2 and 4 are standard assumptions in randomization-based inference. Assump-
tion 3 is a Lindeberg-Feller-type condition to guarantee that the representation in (2) has an
approximately normal distribution in the large sample limit; similar condition has also appeared in
previous regression adjustment literature; see e.g. [ | and the references therein.

With these assumptions, we are able to show that 741, has the representation

%db—?:lZZ- Tflei(l)—i—ralel ZZ (ry sZ )+ 7y SZ(O)) (6)
_ fz o rl) <Az;%(1) o Al](0)> —|—0]P>(1/\/>)
i#j

where recall that e;(z) are defined as in Assumption 3,

5i(2) == Hg(¥i(2) = V(2) — = 3 Ha(Yi(2) — ¥ (2)),

n <



and A;;(z) is the (i, j)-th entry of the matrix
A(2) == H diag {(Yl(z) Y (2), . Y(2) — ?(z))T} .

We now invoke the following condition on the ordered sequence of potential outcomes, which
characterizes the tail of the population of potential outcomes:

Assumption 5. As n — oo, p/n — 0. Moreover, let (Y{1)(2) =Y (2))* > ... > (Y,)(2) — Y (2))? be
the ordered sequence of {(Y;(z) =Y (2))*}/;. Then, for any z € {0, 1}, we have that Y1, (Y(;)(z) —
Y(2))? = o(n).

Armed with the above 5 assumptions, we are able to show that the second and third terms in
the decomposition (6) are of order op(1/4/n), so that 7qp, has the same asymptotic representation
(and therefore the same asymptotic distribution) as 7,q; in the fixed p case. Specifically, we have
the following result:

Theorem 1. Under Assumptions 1-5, we have
n1/2 (7A'db — T) /Uadj ~ ./\/(0, 1).

As discussed before, Assumptions 1—4 are basic assumptions in previous literature; Assumption 5
is a novel contribution from us. In other words, our estimator requires no further assumption on the
moment of covariate X; or the leverage scores H;; to obtain asymptotically normal convergence.
As we will show later in Section 5, Assumption 5 holds with high probability when Y;(z) are i.i.d.
generated from a superpopulation with bounded second order moment.

In the next section, we further consider the regime where p can be in the same order of magnitude
as n. Under this regime, the second and third terms in the decomposition (6) are not necessarily
negligible anymore, so we need new analysis to understand their asymptotic convergence. The
second term is easy to deal with. The main obstacle of the analysis is that the quadratic form
of centered treatment indicators (i.e., the third term in (6)) needs to be characterized by a new
analytic tool, which is the central limit theorem of quadratic forms. We will discuss this further in
the next section.

3 Asymptotic convergence of debiased estimator with moderately
high-dimensional covariates

In this section, we consider the asymptotic convergence of our debiased estimator in the moderate
high-dimensional regime where we allow p to be in the same order of magnitude as n. As mentioned
before, since in this regime, the second and third terms in the decomposition (6) are not negligible,
we need to derive their (joint) distribution in the large sample limit. With the help of standard
results in combinatorial central limit theorem (CLT) [ , ], the second term is easy to
derive. Whilst for the third term, due to the quadratic functions in the form (Z; — r)(Z; — 1),
standard combinatorial CLT is not applicable to understand its convergence anymore.

In this paper, we will use the newly developed central limit theorem of the so-called homogeneous
sums from [ | to characterize the third term of (6). Specifically, [ | studied the
convergence of random variables satisfying the following form:



Definition 1. Let W = (W;);-_; be a sequence of independent centered random variables with unit
variance. A homogeneous sum is a random variable of the form

QUEW) = D [flin,... ig) Wiy - Wi,

i1 yereyip=1
where n,q € N, [n| := {1,...,n} and f : [n]? — R is a symmetric function vanishing on diagonals,
ie., f(i1,...,iq) = 0 unless iy,...,1; are mutually different.

This is an extension of the linear statistics studied by the standard CLT. Apparently, by setting
W; = (Z; — 7’1)/(7*17“0)1/2, g = 2 and

Flinyiz) = r1ro (172 Aiyiy (1) + 17 2 Aigiy (1) — 75 ° 4413, (0) — 152 Aiyi, (0)) /(20),

the third term in (6) falls into this category, with the exception that in our problem, the (Z; —r1)’s
are weakly dependent.

Below we give a brief literature review of this class of CLT. [ ] and [ ]
studied the invariance principles of Q(f; W) regarding the law of W. [ | established
the univariate central limit theorem for Q(f; W). [ | extended it to the multivariate

case and obtained the bound for the error of normal approximation. The special case of ¢ = 1 is
the classic sum of independent random variables. The special case of ¢ = 2 has been extensively

studied; see, for example, [1973], [1987], [1987]. Note
that all of the results are for independent W;’s.

Nevertheless, the results of [2022] are still not sufficient, since [ | assumed that
all the random variables are independent, whilst in our problem, the Z;’s are weakly dependent
due to simple random sampling. Mimicking the idea of Hajek’s coupling [ , ] and its
extension in [ |, we are able to propose a new combinatorial central limit theorem

to characterize the joint distribution of the decomposition in (4), and furthermore, the asymptotic
distribution of 74, — T.
To formally describe the new convergence result, we first define

2 . .—1g2 —1a2 2
Ohd,l *= 71 Se(1)+s(1) +79 Se(0)+s(0) =St tr
where analogous to 7., we write 7 ; := s;(1) — 5;(0). Moreover, we define

2 2 2
Tha,q = (1170)"S¢g 172y (1)—r5 2 (0)

where @ is an n x n dimensional matrix such that Q;; := szj whenever i # j and Qy; := Hj; — Hl%
Apparently, aﬁd’l and Jﬁd,q correspond to the variances contributed by the linear statistic and
quadratic statistic in (6), respectively. We also write aﬁd = 0'}21d7l + Uﬁdﬂ as their total variance.
We now invoke the following assumption regarding the asymptotics of our estimator variance.

Assumption 6. liminf, Jﬁd’l > 0 or liminf,, aﬁd’q > 0.

Armed with this assumption, we are able to show that our debiased estimator is asymptotically
normal.

Theorem 2. If Assumptions 1-3, 6 hold, we have as n — oo,

n1/2 (%db_T) /O’hd’;#./\/’(o, 1).



Notice that in the above theorem, we do not require any assumption on the scaling of p; instead,
we just require p < n so that the debiased estimator is well-defined. Of course, as we will discuss
later, we may still need p/n to be asymptotically bounded below by some constant in (0,1) to
justify some assumptions. For more discussions, we refer the readers to Section 5.

Interestingly, without the constraint p = o(n), we do not need Assumption 5 anymore. This is
because we characterize more carefully the distribution of 74, by considering the second and third
terms in the decomposition (6).

3.1 Efficiency improvement for debiased regression adjustment with moder-
ately high-dimensional covariates

In Theorem 2, we present the asymptotic distribution of our new debiased estimator. In this section,
we discuss conditions so that aﬁd’l + Uﬁd7 o 1s smaller than o2, i.e., that our debiased estimator is
asymptotically more efficient than without doing regression adjustment at all.

To shed light on how the covariate-dimension-to-sample-size-ratio p/n influences the variance of
our new estimator, we consider a class of pre-treatment covariates whose leverage scores concentrate

around their mean p/n. We formalize it into the following assumption.

Assumption 7. Let a :=p/n. As n — oo, we have that:

max |His —a| =0 & e max |Yie) — Y(2)|/vn =0,

or for some constant n > 0,

~ —a)? =0 & =) |Yi(z 0 0.
Z i max - Zl Y(2)
In [ ], the authors have also assumed similar assumptions. Specifically, they

require max; | H;;| = o(1), which is equivalent to our first constraint in the regime o — 0. To justify
this assumption, they proved that this assumption holds with high probability when the covariates
are randomly generated from a superpopulation with (6 + 0)-th moment. This proof, albeit being
enough for the setting p = o(n), cannot be used in the p < n regime. As we will discuss further
in Section 5, in this paper, we provide a new proof to show that if the covariates are generated
as i.i.d. realizations of a random variable with (4 + ¢)-th moment, Assumption 7 holds with high
probability.

Armed with the new assumption, we are able to propose some bounds on opq; and ong,q,

depending on «. By defining R? = 1 — Zdj, which is equivalent to the empirical correlation
between X and 7Y (1) + 75 1Y (0), we have the following result:

Corollary 1. Under Assumptions 1, 2 and 7, as n — oo, we have

ohas = [(1+@)? = (1+20)R?] o + o(1),
0< O'ﬁdg < 2(r170) (1 — Q)S’Efzy(l)_’r62y(0) +o(1).
As a consequence, there is

2 2 2 2
o(1) < opg — [(1+a)* = (1 + 20)R?] 02, < 2(r179)*a(l — a)Srfzy(l)frazy(O)
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Figure 1: Curves of R? as a function of o := p/n with different magnitudes of v := %
Y (1)+Y (0)
Y(W)+Y(0)

The dashed line signifies 1.

Informally then, Corollary 1 shows that a necessary condition for the debiased estimator to give
a variance smaller than that of 7q; is

a? 4+ 2

1 2_(14+20)R?>-1<0< R? .
(1+a) (1+2a) < >1+2a

(7)
At the same time, a sufficient condition for the debiased estimator to give a variance reduction is

2
a® + 2a a(l —a) Sr;2y(1)—rg2y(0)

170 9 . (8)
1+42a 1+42a Sr;1Y(1)+r51Y(0)

R?>>

When r; =19 = %, then the above inequality can be written as

R2>a2+2a a(l — ) S2

T

1+2a 1420 252,y
2

-~~~

::RQL

We denote the right-hand side of the above inequality by R%. Informally, the magnitude of R%
depends on two quantities: the first is the covariate-dimension-to-sample size ratio «; the second

is a scaled ratio between the variance of individual treatment effect 7; := Y;(1) — ¥;(0) and the
g L 2
variance of the average of two potential outcomes w, which we denote by v := %
Y (1)+Y(0)

Figure 1 illustrates the dependency of R% on « and . Apparently, with a decreasing -, R%
decreases monotonically. This indicates that when the individual effects have smaller heterogeneity,
less dependency between the potential outcomes and covariates is required for the debiased esti-
mator to have an efficiency improvement compared to the unadjusted estimator. When ~ is small,



R% increases monotonically as a goes from 0 to 1. When ~ is increased to above 2, the trend then
follows a different pattern. Regardless of the magnitude of ~, R% reduces to zero as a goes to zero.
This is consistent with the theoretical findings in the low-dimensional setting. When « approaches
1, both R% and the lower bound in (7) approaches 1. This implies that we usually cannot achieve
any efficiency improvement when p is close to n. This also implies that adding more covariates to
the regression will usually result in a phase transition from “mostly harmless” to “harmful” to the
post-experiment analysis. In practice, we recommend practitioners to choose a moderate number
of covariates so that R? is above R%.

When « is small, say 0.1, and we restrict v to be no larger than 2, R% is at most 0.325. We
believe this already includes a large number of cases in practical applications; when o = 0.5, one
may require a relatively low v to keep R? away from 1. Of course, since R? > R? is just a sufficient
condition for our estimator to be more accurate than without using regression adjustment at all,
in practice one may still observe an improved accuracy even when this is violated.

4 Inference

Inference on 7gy, relies on a valid estimation of Uﬁd, so that one can construct asymptotically valid
Wald-type confidence intervals. We will derive the formula of the variance estimator in this section
and show that this variance estimator is asymptotically valid with moderately high-dimensional
covariates.

Our new inferential technique is constructed by a decomposition of Jﬁd, which is given below
in (13). In order to describe this decomposition, we define:

1 1
B:=M"M, where M := <I — 11T> - H + (I — 11T) diag{ H}, (9)
n n

where with a slight abuse of notation, we take diag{ H} as a diagonal matrix with (i,7)-th entry
equal to H;;. As will be demonstrated in the Supplementary Material, with the above notation, we
are able to rewrite opq as

2 _ 2 2 2
oha = (1170) S P ()4 Y (0) T (r170)°5g, P72V (1) =g 2Y (0)° (10)
Now, using that for any symmetric matrix A and any vectors a, b,
SA,a,b = Sdiag{A},a,b + ‘S'diag7~{A]»,tJ,,b7 (11)

where diag™{ A} corresponds to the matrix with all diagonal entries equal to zero and all off-diagonal
entries equal to the off-diagonal entries of A, and

S124,a,+b = 5124,11 + 5‘24,b + 2SA,a,b7 (12)

10



(which we will clarify in the Supplementary Material), we further decompose o, as

2 2 2
Thd = (7‘17"0) Z (S’rlro diag{Q}, T;QY(Z) + ST’;2 diag{ B}, Y(z))

z€{0,1}
ES
2 2
+ (Ter) Z (Srlro diag={Q}, r;2Y(z) + Sr;2 diag={B}, Y(z))
z€{0,1} (13)
=T

+ 25diag{B},Y (1),Y (0) — 25diag{Q},Y (1),Y (0)

=13
+ 2500~ (B),y (1),y (0) ~ Z5aiag={Q}.Y (1).Y (0)-

~~

Ly

Informally, Z; and Z, correspond to the variances of a single world, and Z3 and Z, correspond to
the covariance of counterfactual worlds.

Armed with the above decomposition, we construct an estimation of aﬁd by estimating Z;,...,Z4
separately. Since they represent variances from different sources, we need different estimation strate-
gies for each term. We first consider 77 and Zs. Since these quantities are quadratic functions of
potential outcomes of a single arm, they can be consistently estimated using empirical observations
from a single arm. Specifically, we can estimate Z; via

T 2 2
Il T (Tlro) Z <8T1T0 diag{Q}, TZ_QY(Z) + S'rz_2 diag{B}, Y(z)) )
z€{0,1}
2 2 .« . . . . .
where S o ding{ Q). r=2Y (2) and 8,2 diag{ B}, Y (2) are empirical estimates of their oracle versions using

samples from treatment arm z. For example, we write

1 ]

2 = 2y 2 2

irmdne(@), v () = g 2 M0Qulr Y Y%
’i:Zi:z

2
riro diag” {Q}, rz_zY(z)

1 _ _
2 - E: =2y 2 —2y. _ 2
Smm diagf{Q}ﬂ“z_QY(z) T TNy TlTOQ” (TZ Yi " }/Z)(TZ ij "z YVZ)
i#j: 2, Zj=2

We now consider Zs. Since it involves cross-sample products, we define s instead

as

. . 2

and similarly for $7-2 ding {B). Y (2)"
Finally, we discuss the estimation of Z3 and Zy. Since Z3 corresponds to the covariances of
potential outcomes from two worlds, it cannot be estimated consistently from observed data directly.
Instead, it is only identifiable up to an upper bound. As we will show in the proof of Theorem 3,

73 can be decomposed as

2 2 2
= ), (Sdiag{B},Y<z> ~ Sdiag{Q},Y(2) ~ Sdiag_{H},Y(z)) + 254iag~ (H},y (1), (0)
z€{0,1}

- SdZiag{H},Y(l)—Y(O) - Sz(l)—e(o) +0(n),

11



where the last two terms (S35, o {H}Y (1)—y(0) 20d Sf(l)_e(o)) represent treatment effect variation
and thus can not be estimated consistently. Fortunately, the last two terms are non-negative; this
allows us to provide a consistent estimation of an upper bound of Z3 just with the first two terms
in the above decomposition, which we denote by Z3 ,,. Noteworthy, besides the variance of a single
world, the Z3 1, involves a term representing the covariance of counterfactual worlds. We define its
empirical estimate as

1 _ _
Saiag {HLY ()Y (0) = 1o Yo Hy(Yi )Y, - Y)
i£§:Z1=1,2,=0

and similarly we can define Sdiag—{B},Y (1),Y (0) and Sdiag—{Q},Y (1),Y (0)" Therefore, we have an empir-
ical estimate of Z3 1, as

7 _ 2 2 2
Tgub = Z (Sdiag{B},Y(z) ~ Sdiag{Q},Y(z) ~ Sdiag’{H},Y(z)> + 2Sdiag—{H},Y (1),Y (0
z€{0,1}

For Z,, mimicking the estimates for 73, we propose to estimate it via

1y =2 <Sdiag*{3},y(1),y(0) - 3diag*{Q},Y(1),Y(0)> -

Putting together, we get the variance estimator 6}21(1 =11 + 1y —I—_,z.g’ub +7Z4. The following theorem
characterizes the asymptotic convergence of this estimator.

Theorem 3. If Assumptions 1-3 and 5 hold, we have

Gha = Oagj + S2(1)—e(0) + 0B(1)-

Otherwise, if Assumptions 1-3 hold, we have

Fhd = Tha + S21)—c(0) + Siag Fr}y (1)-v(0) T 0B(1)-

Due to the unidentifiability of the counterfactual covariance, the estimated é}ﬁd contains a
variance inflation. In the regime p = o(n), our variance estimation has the same inflation as in
the lower dimensional regime where p = O(n?/3/(logn)'/?), see [ |. This variance
inflation is always no greater than the usual inflation without any covariate adjustment, namely
S2. Nevertheless, in the regime p < n, the variance inflation S?(l)—e(o) + S?liag{H},Y(l)—Y(O) is not
always smaller than S2, especially when there is strong co-linearity between H;; and 7;. We will
demonstrate this in numerical analysis. On the other hand, as we will show in Section 5, when the
data exhibit sufficient linearity and light tail, one can still expect Sg(l)—e(O)+S§iag{H},Y(l)—Y(0) < 52

We now showcase an alternative variance estimator with variance inflation equal to S2. In this
estimator, instead of estimating Z3 ,,1,, we focus on the following alternative upper bound of Z3:

A R 2 2
Sab = (Sdiag{B},Y<z>—Sdiag{Q},Y(z))7
z€{0,1}

which can be estimated via

1 2 2
3,ub " Z (Sdiag{B}»Y(Z) N Sdiag{Q},Y(Z)> :
z€{0,1}
Armed with f:’,)’ub, we define the alternative variance estimator as (67,4)% := T+, +Z’3,ub +7,. The
following corollary characterizes the asymptotic convergence of the alternative variance estimator.

12



Corollary 2. If Assumptions 1-3 and 5 hold, we have

(60a)” = o2g; + 52 + op(1).
Otherwise, if Assumptions 1-3 hold, we have

(64a)” = 0ha + 57 + 0p(1).

In practice, we recommend the use of min{63, (61,)?} for a shorter confidence interval. Then,
no matter 53(1)76(0) + Sfﬁag{H}y(l)iy(o) > S2 or not, the variance inflation is always no greater
than S2, i.e., the inflation without using any covariate adjustment. Therefore, the confidence
interval length from our inferential procedure is always asymptotically shorter than the unadjusted
estimator whenever opq < 0¢re. In practice, we recommend constructing confidence intervals using
both our procedure and the unadjusted estimator and choosing the shorter one for downstream
analysis.

Since the inferential procedure of [ | may behave poorly in practice when the covariate
dimension is relatively large, existing literature recommended to use HC3-type standard error
to boost finite sample performance which heavily penalizes dimension p used by the analysis.
However, the HC3-type standard error is typically conservative and has no theoretical guarantee in
the moderately high-dimensional regime. Based on our theory, we provide an inference procedure
that is valid under this regime and the estimated variance is “tight” in that the bias is the variance
of unit-level treatment effect which can not be estimated from data.

5 Justification of assumptions

In this section, we justify Assumptions 5-7. The following proposition implies that Assumption 5
holds with high probability if the potential outcomes are i.i.d. generated from a superpopulation
with bounded variance.

Proposition 1. Fiz z € {0,1}. If p = o(n) and {Yi(2)}}', are i.i.d. random variables with
var(Y1(z)) < oo, then there exists a positive sequence ¢,, — 0 such that

p

P (i S (Vi (2) - 7(2)* > cn> 0.

=1

We now focus on the justification of Assumption 7. The assumptions on Y;j(z)’s are common
in randomization-based literature; therefore, we only need to justify the assumptions on H. Since
maxi<;<n |Hii — a| — 0 is a sufficient assumption for Y7, (H;; — a)?/n — 0, we only need to show
that the former condition holds with high probability under some superpopulation assumption on
X ;’s. In Proposition 2, we show that when X;’s are i.i.d. realizations from some superpopulation
with entry-wise bounded (4+4n)-th order moment up to some transformation, max;<;j<p |[Hi—a| — 0
holds with high probability.

Proposition 2. Suppose that {X;}!' | are i.i.d. random vectors generated from independent ran-
dom wvariables as X; = OV, where O is a deterministic non-singular matriz and V; have inde-
pendent entries with mean 0, variance 1, and max; E[V1(5)|**" < C for some constants n,C > 0;
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suppose also limsup,,_,. o« = limsup,,_,..(p/n) < 1. Then, for any constant § satisfying that
0<d< ﬁ,

P (max |Hii — o > n_5> — 0. (14)
3

Finally, we turn to Assumption 6. In fact, it can be justified by simply applying Corollary 1.
Specifically, under Assumptions 1, 2 and 7, we have lim inf,, O'ﬁdJ > 0 when either (i) Assump-
tion 4 holds or (i) liminf, o 02,
in randomization-based literature.

Finally, we investigate the relationship between S? and Sﬁiag{ HY,Y()-v(©0) T SZ(l)—e(o) under

> 0 and liminf,, - (p/n) > 0. These requirements are natural

a superpopulation framework where (Y;(1),Y;(0), X;,£;(1),£;(0)) are i.i.d. generated from some
distribution. We assume a linear model where X, ;(1),¢;(0) are independent and p,, z € {0,1},
are deterministic scalars:

Yi(1) = p1 + X[ By +ei(1), Yi(0) = po + X, By + &i(0). (15)

Proposition 3 shows that under this superpopulation framework, the confidence interval given by
&ﬁd is asymptotically no larger than the confidence interval from (&fld)2 with high probability.

Proposition 3. Under model (15), for z € {0,1}, we assume that Ele1(2)|* < C and B|X{ B,|* <
C for some constant C' > 0, and X; satisfies the conditions in Proposition 2. Then, there exists a
positive sequence ¢, — 0 such that

P (53 = S2)-e(0) ~ Sing(rr).Y (1)-¥ (0) > _C"> —0

6 Numerical analysis

In this section, we conduct a numerical analysis to examine the finite sample performance of our
debiased estimator and its corresponding inference procedure, together with several competitors.

6.1 Experimental setup

Pre-treatment variable generation Let Scale() be a standardization function: for a finite pop-
ulation {a;}!; with @ = (a1,...,a,), Scale(a;) := (a; — a)/ (X1, (a; — @)?*/n) Y2 and Scale(a) =
(Scale(ay), ..., Scale(ay)). Set n = 1000 and r = 0.35. We first generate a matrix X € R™*" and
two vectors, 3 € R" and A € R", with i.i.d. entries from ¢ distribution with 3 degrees of freedom.
We keep X, 3 and A fixed throughout the simulation. For each covariate-dimension-to-sample-
size-ratio a, let X = (X1,...,X,)" be the first p := an columns of X. We generate the potential
outcomes according to the following model

Yi(1) = p1 + Scale(X, By) +i(1)/v/7; Yi(0) = po + Scale(X [ By) +€:(0)//7.

Here u, (z € {0,1}) are generated i.i.d. from ¢ distribution with 3 degrees of freedom. For any
vector a, let apy be the subvector of the first p elements; the coefficients 3, and 3 are generated
by
Br =By + 04y, By =By — A
The factor § is introduced to control the heterogeneity of individual-level treatment effect.
For the noise terms, v is the scaling factor for the magnitude of the noise. In addition, we
consider 2 generating models of €;(z):
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Figure 2: Relative size of variance components for different choices of v, § and a under the inde-
pendent ¢ residual.

e Worst-case residual: let €(2) := (£1(2),...,en(2)),
e(1) = Scale((I — H)(Hy1,...,Hpn)"); €(0) = —2Scale((I — H)(Hyy,...,Huw)").

This residual is motivated by [ | and produces a large bias for regression-
adjusted estimators in theory.

o ¢ residual: €;(z) = Scale(€;(z)). €i(z) is generated i.i.d. from ¢ distribution with 3 degrees of
freedom.

We view the simulation as a full factorial experiment and generate the data under all combi-
nations of the following 4 factors: § = {0.25,0.75}; v = {0.5,3} and the covariate-dimension-to-
sample-size-ratio o = {0.02,0.1,0.2,0.3,0.4,0.7} and generating models of £;(z). Throughout this
section we fix X to be generated from ¢ distribution with 3 degrees of freedom; in the Supplementary
Material we further provide simulations with X generated from Cauchy distribution.

Repeated sampling evaluation Once the pre-treatment variables {(X;, Y;(1),Y;(0))}7; are
generated, we fix them and draw 10000 random assignments. For evaluation criterion, We consider
the empirical relative root mean squared error (relative RMSE) defined by the empirical RMSE
of the estimators divided by the oracle standard errors of the unadjusted estimator 7unaqj; and
the empirical relative absolute bias defined by the absolute of the empirical bias divided by the
asymptotic standard error of 7,4, opq//n. For inference procedures, we then compare, under a 0.05
significance level, the empirical coverage probabilities and empirical averages of relative confidence
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Figure 3: Relative bias for different choices of v, § and a under the worst-case residual and inde-
pendent ¢ residual. The dashed lines signify 1. Notice that for the first figure, we zoom in on part
of the y-axis to better display the curve.

interval length defined by the corresponding confidence interval length divided by the length of the
confidence interval constructed without covariate adjustment.
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Figure 4: Relative RMSE for different choices of v, § and « under the worst-case residual and

independent t residual. The dashed lines signify 1. Notice that for the first figure, we zoom in on
part of the y-axis to better display the curve.

Methods for comparison For estimators, we consider our proposed high-dimensional regression
estimator 7,q and its “un-debiased“ version 7hg undb, i-€., the one without the debiasing step in (5);
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Figure 5: Empirical coverage probabilities for different choices of 7, § and « under the worst-case
residual and independent t residual. The dashed lines signify 0.95.
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Lin’s regression estimator [Lin, | Tiin, i-e., Tagj With Bz constructed by only using samples from
treatment arm z, and its debiased version | , ], Tlin,ap defined by

R . no R n R
Tlin,db = Tlin + 2 E Hi;ei(1) — 2 E H;;é,(0),
L z,=1 0 z,=0

where é;(z) = Y; — Y, — BZ(Xl — X,) for Z; = z with X, being the sample mean of covariates
under treatment arm z.

For the inference procedure, we consider 4 Wald-type confidence intervals based on the 4 point
estimators and their corresponding variance estimators. In particular, for 7,q and 74 unab, We pair
them with our recommended variance estimator 6121d7 o i= min{62,, (67,4)?} (“cb” for combine); for
Tlin and Tiin db, we pair them with HC3 variance estimator 6121H7HC3 defined by

~92 n é@(l) n éZ(O)
Ol pics = + 1 —
N 1;21 (1= Hiia)?  (no— 1o i:;O (1 — Hijp)?

where and Hy - = (X; ~ X)T{T,, (X, - X)(X; - X)T} (X - X).

JiZj=z

6.2 Results

Relative magnitude of variance components Figure 2 shows relative magnitude of 0'}21d o>
2 2 o e 2 . . . . . . 2 .
Thd.g Tadi divided by of;. With a relatively high dimension, the quadratic component Ohd,q 18
non-negligible and, sometimes, becomes the main source of the asymptotic variance. Besides, as
the dimension increases, agdj becomes an inaccurate approximation even for the linear component

of variance, O'ﬁd ;» not to mention oﬁd.

The effectiveness of debiasing Figure 3 shows the relative bias of different methods under
the worst-case residual and independent ¢ residual, respectively. Apparently, the bias of 7yq is
significantly below 1 in all cases, even under large o and worst-case residual. At the same time,
under the worst-case residual, the relative bias of 7,4 undb can be significantly above 1. This suggests
the necessity of debiasing. Moreover, under again the worst-case residual, not only 7j;, but also
Tlin,db have explosive growth in bias as o grows. i qp has a bias smaller than 7j;,; nevertheless
its bias is still non-negligible under all the worst-case residual setups, except for a = 0.02. This is
consistent with the theory of [ ] requiring p tending to infinity slow enough.

Relative RMSE Figure 4 shows the relative RMSE of different methods under the worst-case
residual and independent t residual. Under the worst-case residual, 71,4 has the best performance
among the 4 methods. The other methods have large RMSE due to their non-negligible bias. When
signal to noise ratio is relatively high (v = 3), 7q can exploit the covariate information to keep
relative RMSE smaller than 1, i.e., to perform better than the unadjusted estimator, even with high
dimensions. When the signal-to-noise ratio is low (v = 0.5) and the degree of heterogeneity is high
0 = 0.75, the efficiency improvement from our estimator is less compelling. This is consistent with
our theory that the empirical correlation needs to be relatively larger than « to secure efficiency
improvement.
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Under the independent ¢ residual, when « is small (say less than 0.1), all methods tend to have
similar RMSE. As « gets larger, their RMSE’s begin to diverge. Interestingly, both 7,4 and T4 unab
have the smallest relative RMSE, whilst the relative bias of 7,4 is obviously smaller than 7,4 unab
with independent ¢ residual.

Finally, by checking the figures of both types of residual, we can conclude that when the signal
is weak (v = 0.5) and the dimension is high, no method can guarantee improvement. But even in
the least favorable case, the relative RMSE of 7y,4 is just slightly above 1. In other words, 7,q never
does significant harm to RMSE.

Inference performance Figure 5 shows the empirical coverage probabilities of different methods
under the worst-case residual and independent ¢ residual. Only the combination of (7hd,&nd,cp)
gives a valid empirical coverage in all cases. With worst-case residual, the other methods cannot
guarantee a correct empirical coverage as a grows.

Figure 6 shows the relative confidence interval length produced by 614, and 61 nc3. The
trend for the curve of Gyq,ch is very similar to that of 7,4 in Figure 4. In particular, as long as
the relative RMSE of 7,4 is less than 1, the relative confidence interval length of 61,4 cp, is also less
than 1. This echoes our discussion of Corollary 2. In the least favorable case (v = 0.5, 6 = 0.75,
a = 0.7, worst-case residual), the relative confidence interval length is about 1.1, better than the
relative RMSE of 7,4 (about 1.5).

Usefulness of 6pq.c1, Figures 7b and 7a demonstrate the ratio of &ﬁd to c}fldQ. Under independent
t residual, &ﬁd is smaller which echoes Proposition 3. whilst under the worst-case residual 6f1d2 is
overall smaller. This supports our claim that ‘31%(1 ., improves the estimation precision by taking

the advantages of both 62, and 47 ,°.

7 Conclusion

In practical applications, ignoring covariate dimension can result in catastrophic finite sample
performance. Yet, at least under the context of finite-population inference, to the best of our
knowledge, no theory explains this phenomenon. In this paper, we fill this gap by proposing a
new debiased regression adjustment based average treatment effect estimator; and we study the
conditions so that our estimator can have an advantage over the unadjusted estimator. In general,
we require that the multiple correlation between covariates and potential outcomes increases with
the covariate-dimension-to-sample-size ratio. Therefore, we recommend that practitioners use a
moderate number of covariates that are predictive of the potential outcomes.

Our numerical analysis shows that compared to the other competitors, our estimator achieves
the best performance in terms of estimation precision, bias reduction, inference reliability, and con-
fidence interval length when the covariate-dimension-to-sample-size ratio is high; and an improved
efficiency compared to the unadjusted estimator with a sufficiently large signal to noise ratio. It
would be of interest to design new covariate adjustment based estimators that can bring improved
accuracy even with low signal to noise ratio, which we leave for future work. Our additional nu-
merical analysis in the Supplementary Material shows that our estimator is able to provide valid
confidence interval even for heavy-tailed covariates, such as from Cauchy distribution.

Our theory builds upon a new central limit theorem of homogeneous sums [ , . It
would also be interesting to use this new central limit theorem to study rerandomization |
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, , , | in the moderately high-dimensional regime. In this paper, we
mainly focus on completely randomized experiments. It would be interesting to extend our theory
to more complex experiments such as stratified experiments [ , |, and factorial
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experiments | , |. We study a high-dimensional extension of the OLS estimator and it
would be interesting to consider the high-dimensional extension of the generalized linear estimator
[ , 2023].
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SUPPLEMENT TO “DEBIASED REGRESSION ADJUSTMENT
IN COMPLETELY RANDOMIZED EXPERIMENTS
WITH MODERATELY HIGH-DIMENSIONAL COVARIATES”

Appendix A provides some useful lemmas. It includes the technical details for the comments of
(11) and (12).

Appendix B studies the decomposition of 7,q; and 741,. It includes the technical details for the
comment of (4).

Appendix C studies an extension of the Hajek’s coupling.

Appendix D studies the asymptotic normality of 74 in the regime p = o(n). It includes the
proof of Theorem 1.

Appendix E studies the asymptotic normality of 7qp, in the moderately high-dimensional regime.
It includes the proof of Theorem 2.

Appendix F studies the validity of the proposed inference procedure. It includes the proof of
Theorem 3, Corollary 2, and the technical details for the comment of (10) and (13).

Appendix G studies the justification of assumptions. It includes the proof of Propositions 1-3
and Corollary 1.

Notations and definitions. Define [n] := {1,...,n}. Weuse }_; ., to denote summation over
all (i1, ..., 1) with mutually distinct elements in [n]. So we may use > j; 5 and }_, ,; interchange-
ably. For any matrix A, let A;; be its (4, j)th element. We use A to denote a centered matrix
with

L Zk¢l Akl . -
Ajj = {A” R 0 LF S

Ak .
Ay — 2#7 L=J.

Let ||A]|2, tr(A) be the lo norm and trace of matrix A, respectively. For any random variable U, we
define U := U —EU as a centered random variable. Let Z := (Zy,...,Zy,). and Z = (Z4, ..., Zn).
Let 0;; = 1 if ¢ = j and ¢;; = 0, otherwise. For a vector y, let diag(y) be the diagonal square
matrix having y as its diagonal elements.

Z = (Z,...,2y) € {0,1}" is the indicator of a completely randomized experiment with ), Z; =
ny and ny/n =r1. Let T = (11,...,T,) € {0,1}" be the indicator of Bernoulli random sampling
with each element i.i.d. generated from Bernoulli random variable with probability ;. Moreover,
we construct 1" so that the joint distribution of T" and Z follows the so-called “Hajek's Coupling”
which will be discussed further in Appendix C.

A Some useful lemmas

We start by stating several useful lemmas and then proceed to prove the main results. Lemma A.1
shows the technical details of the comments of (11) and (12).

Lemma A.1. For any symmetric matriz A, B € R"™ ™ any constant c,d, and any population
{a;}_,, {b}]-,, we have

SA+Bab=954ab+ SBab SAcads=CcdSAap
2 2 2
SAa+b =520 1T 5ap 125440
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Proof of Lemma A.1. By definition, we have

1 n n ~ _
SA+B,ab = -1 Z Z(Az‘j + Bij)(ai — a)(b; — b)'

i=1 j—l
n—1ZZA” )b =) + ZZBW )(bj —b)"
=1 j=1 =1 j=1
:SA,a,b + SB,a,b,
and
SA,ca,,db ZZAz]Cd (b —b) —CdSA@’b.
=1 j=1
Using that A;; = Aj;, we have
Shiatb = “‘*E:EZAHCM bi—a—b)(aj+bj—a-b)'
=1 j=1
1 n n n n
= o 2 Aieis T Y Ay )b -8
=1 j*l i=1 j=1
n—lZZA” )(b; — )" 122,4” (aj—a)T
i=1 j=1 i=1 j=1

- i 1 ZZAij(ai —a)(a; — &)T + o1 ZZAij(bi - B)(bj — B)T
i=1 j—l »

=1 j=1
= Saa+ Sap+ 25440

Lemma A.2. If (a1 —@,...,a, —a)' = A(by —b,...,b, —b)", we have

S SATAb

Proof of Lemma A.2. Let a := (ay —a,...,a, —a) and b:= (b —b,...,b, —b)'. Using a = Ab,
we get that

1< _ 1
52 = Z(ai —a)= p— 1aa,—r — bATAb—r 5’2 ATAD

Lemma A.3. For any populations {a;}}", and {b;},, we have that

(7“17'0)52

.12 1 2
TflaJrralb_Tl S —|—7“0 Sb Safb
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Proof of Lemma A.3. Using Lemma A.1, we obtain that

To T1
(Tlr())Sfl—l = rlsg + 7035 + 252717

1

_ (= 2 i_ 2 2
— (- s+t 282,

a+r51b

1 1
= —S2 4 52— 8252252,
T1 7o ’

1 1
=824+ 8252 .
" a + o b a—b

O

Lemma A.4. Consider any finite population {y;}icpn), the variance of its sample total is
nin
var ($;1y1> = 771(”1_01) Z:(yz - 7).
Proof of Lemma A./J. See Theorem 2.2 of [ ] d
Lemma A.5. If Y ,(yi — 4)* = O(n) and 71 tends to a limit in (0,1), then we have
S (i - 5)/m = Op(n™'1?).
:Z=1

Proof of Lemma A.5. It follows from Lemma A.4 and Chebyshev’s inequality. O
Lemma A.6. Let A;, 1l =1,...,q, be n X n deterministic matrices with n > 2. Let a%l, . ,a?n be

the eigenvalues of AlAlT in descending order with ay; > 0 for | € [q] and i € [n]. Then, we have
that

n

i=1
Proof of Lemma A.6. This Lemma follows directly from Theorem (second version) of [ ]
withIy =1,1=1,...,q. ]

We will use Lemma A.6 repeatedly. For example, to bound the following quadratic form of y;’s,
Z[%ﬁj} Hf‘]yfy? Let y = (y1,...,yn). We rewrite the quadratic form as the trace of the product of
several matrices

> Hjukyi, = tr (diag(y)® diag ™ (Q) diag(y)® diag™ (Q)) -

[i1,i2]

We can apply Lemma A.6 with A1, As, A3, A4 being diag(y)?, diag™ (Q), diag(y)?, diag ™ (Q), re-
spectively. Let [yq)| > ... > |y | be the ordered sequence of {|y;|};",. Note that, fori=1,...,n,

;= az; = |ypl, a2 = ay <[l diag” (Q)]f2.

Therefore, there is

Hiuivi,| < | diag™ (Q)I5 ) ufy = |l diag™ Q)15 ) vi.

[i1,42]
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Lemma A.7. We have that
|diag™{Q}|2 <1, |/ diag™ {H}|2 <2

Proof of lemma A.7. Using the Gershgorin circle theorem (see Theorem 0 of [
that

| diag” {Q}]]2 < max Z H,?j = InzaX(Hii — H?) < 1.
JE[nI\i

On the other hand, by the triangle inequality, we have
| diag™ {H}|[2 < [[H||2 + || diag{H }||2 < 2.

Recall the definition of A(z) in the main text.

1), we get

Lemma A.8. Fiz z € {0,1}. Let d;(z) be the i-th entry of H(Y1(z) — Y (2),...,Yn(2) =Y

We have that

Yo Ai2) =—s5(2), D Ay(z) =dil2) = si(2),  Aulz) = si(2).

i€n]\{j} J€lm\i}
Proof of Lemma A.8. By the fact }, ; A;j(2) = 0, we see that
Az) = A(2) — W (1— %11 ) |
Let Y(z) := (Y1(2),...,Y,(2)) and d(2) := (d1(2),...,dn(z)). Therefore, we have
A(2)1 = A(2)1 = Hdiag(Y (2) — Y (2)1)1 = H(Y (2) — Y (2)1) = d(2),

and

A(2)"1=A(2)"1 = diag(Y (2) — Y(2)1)H1 = 0,
which implies that

A“(Z) = Au(z) - ZZ 1;{1“(2)
= Hy(Yi(2) - Y (2)) - %ZHM(YZ(z) () = si(2)
=1

Combining (17) and (18), we get that

Yo Ay =—si(x), Y Ayle) = di(z) — sil2).
i€V} jeln\ti)

This concludes the proof.
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B Decompostion of 7,g;

In this section, we derive the decompositions of 7,q; and 7qp,, which correspond to Propositions B.1
and B.3. Before proving these results, we first state some useful lemmas.

Lemma B.1. Fiz z € {0,1}. Under Assumption 2, we have

> Au(z) _ 3 Ha (Yi(z) — Y (2))

n n

= 0(1).

Proof of Lemma B.1. By Cauchy-Schwartz inequality, we have

> Hii (Yi(z) =Y (2)) - (Zi H§>l/2 <Zi (Yi(z) _Y(Z))2>1/2‘

n n n

Recall that for i € [n], H;; <1, we have Y, H2 < >". H;; = p. Therefore,

_ _ 2\ 1/2
> Hii (Y;(z) - Y(Z)) p\V2 [ 2 (YZ(Z) - Y(z)) _
n = (ﬁ) n = 0Q),
where in the last step we applied Assumption 2. ]

Lemma B.2. Fiz z € {0,1}. Under Assumptions 2 and 3, we have that
Z"A(2)Z = op(n).

Moreover, we have B
Z"HZ = op(n).

Proof of Lemma B.2. Since ), ; A;j(2) =0 and 3, ; H;j = 0, we have
ZAZ‘J‘(Z) = _ZAii(Z)a ZHij = —ZHu‘,
it i oy 5

which gives that

A(z) = A(2) — 2 Aal2) (I - inT) ., H=H- 2 Hii <I - :L11T> .

n—1 n—1

In light of these equations, we now analyze Z' A(2)Z,Z ' HZ and Z' (I —117/n) Z one by one.
We first consider Z ' A(z)Z. Observe that

ZTARZ = ZZ;Hy(Yi(2) ~ YV (2) + 3 ZiHi(Yi(2) - Y (2)).
[i,4] i

Applying Lemmas F.2 and F.3 with y; = 1, ¢; = Y;(2) — Y (2), Di; = H;j, and a; = H;;, we get

Z Z:ZiHij(Yi(2) = Y (2)) = 1} Z Hi;(Yi(2) = Y(2)) + op(n),
[i.4] [i,4]
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and

Z ZiH;(Yi(2) =Y (2)) = Z H;i(Yi(2) = Y (2)) + op(n).
Therefore, we have

ZTA()Z = r1H;(Yi(2) = Y(2)) + > riHu(Yi(z) — Y(2)) + op(n).
[4,4] i

Applying similar analysis to Z' HZ and Z' (I — 11" /n)Z, we get

Z'HZ = ZT%HZ‘]‘ + Z r1H;i + op(n),
[4,5] g

Z'(I1-11"/n)Z Zrl +Zr1

+0]p )

Putting together, we have

Z'HZ=2" {H— Zil_‘[l”'(f— 11T/n)} zZ
" —

- %T% (Hij - n%:nli{zlz)) + ;rl (H” - Z:ZHHM) + op(n) + op(n) %Z_Hl”
=040+ op(n) +op(n) -p/(n—1) = op(n),

where the last equality again uses Zz j H;; = 0. Similarly, we have

n—1

3 (e ) 30 (a0 - )

[3,]
> Az‘z‘(Z)
n—1

ZTA(»)Z=2" {A(z) - M(I — 11T/n)} VA

+ op(n) + op(n)

Apparently, the second term on the right-hand side of the above decomposition is equal to zero.
For the first term, using that

SN A(2) = S0 Hy(vi(2) - Y(2) =0,
i g i i

we see that the first term is equal to zero as well. For the last term, applying Lemma B.1 yields
% = O(1). Putting together, we have Z T A(2)Z = op(n), which concludes the proof. O

The following proposition gives the detailed formulation and proof of (4).
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Proposition B.1. If Assumptions 1-3 hold, then we have

Tadj — T + m ZH“ ( Y(l) _ YO Y(O)>

1

2
To
= e S e (P ) o,

[4,4]

where

C; = arg 5 2 2 +

vi(1) =Y (1) n anYZ(O) -Y(0) (ro — 11) <3i(1) Si(0)> N ei(1) 61'(0).
1 (2) U 7”0 T1 To

proof of Proposition B.1. In the following proof, for ease of presentation, we write X; := X; — X.
We observe that

Fadi = > ZYi(1) 31— Zy)Yi(0) — (rBy +7081) " (ZZX )

ni no

Expanding the third term in the expression, we get

) — (Z zx7 " ) Sy (rsx,y(0) + rosx,y (1)) -

ning ning

(r1Bo +roB1)" (Z ZiXi

We define

n n
M =r Z; X — | S33s , My=r Z: X — | §3s .
1 0 (Zz: i nmo) X °X,Y(1) 2 1 (2@: Ay n170 X °X,Y(0)
We now analyze the two terms M; and M.

For M, we write it as

n _
My =rg <Z ZiXiTnln()) SX’sx,y()
(2

—'o (Z ZiXiTnfno) ‘;{ (m —1 ZZ Xi( Yl))

__ =1 LT ni
(= 1) Z ANZ+

For M1, by the definition of A(1) and the fact that

n — _ _
Z'"HZ(Y(1)-Y)) =: My + M.

ZT(I—117 /n)z = 10,
n
we decompose it as
n—1 n—1 ~ > Hii (Yi(1) = Y(1)) nyng
My=———Z"A1)Z=—F—|Z"TA(1)Z L
11 (nl — 1)77,1 ( ) (nl _ 1)n1 ( ( ) + n—1 n
=:My11 + M.
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For M1, we further expand Z' A(1)Z. We introduce d;(z) as the i- -th entry of H(Y1(z) —
Y(2),...,Yu(2) = Y(2))". Applying Lemma A.8 and using the fact >_1i,j) Aij(2) = 0 repeatedly, we

obtain that

ZTA(1)Z = Z Zisi(1) + Y ZiZjAi;(1)

[4.7]
= Z Zisi(1) + Y (Zi = r)(Zj — r)Aig(1) + Y _(Zi = r1)ri Ay (1)
j [4.,4] [4,4]
+ Z - TlA’Lj Z AZ]
[i,4] [i,4]

_ Z —r1)si(1 Z —r)(Z; — 7”1);1 (1) + ZH(ZZ‘ —7r1)(di(1) — 54(1))

+§yu =) ju»
= Z i —11)(8i(1) + rdi(1) — 2ry8;(1 —I—Z i —11)( —Tl)f‘iij(l)

—Z i —7r1)(si(1) + 71di(1) — 2r154(1 +Z i —11)(Z; — 1) Ay (1) + Op(1),

where in the last step, we used that
Y (Zi=r)(Zj—r1) == (Zi—m)*=O0(n),
[4,4]
and that by Lemma B.1,

A1)~ Ay = - Z T oot i

Moreover, by Lemma B.2, ZT A(1)Z = op(n). Thus, we obtain that

My = <712 + O(n2)) ZTA(1)Z = :%ZTA(l)Z + op(n™ 1)

m~2 Z — 1) (si(1) + r1di(1) — 2r15:(1))
1
+ 2 (Zi —r1)(Zj —r1)Agi(1) + O]p(n_l).
" [4.7]

On the other hand, for Mi12, we use Lemma B.1 to get that

_ X Ha (M -YM) oy

T1 n
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For Mo, we see that

ZTHZ = 2 Hz+ 2= 0iM0 _ g7 g 0mino
n—1 n n—1
with which we can decompose Mo as
n—1 T~ _ _ ang - _
Moy=————Z"HZ(Y(1) - Y Y(1)-Y) =M Mio.
R P (Y (1) 1>+n1—1( (1) —1) 121 + Mi22

By Lemmas A.5 and B.2, we have that
Mg = O(n"Yop(n)Op(n~1?) = op(n=1/?).

For M;ios, we can derive that

Qar - — ary - _
Mzo = <Tlo + O(nl)) Y (1) -n)= T—lo(ya) — Y1) + Op(n%/?).
Combining the above results, we obtain that
Hi (Yi(1)—Y(1
1 n
1 —
+— Z(ZZ —71) [8i(1) + r1di(1) = 2r1s;(1) — are(Y;(1) — Y (1))]
nry 4
1 —
+ 7% Z(ZZ rl)(Zj - Tl)AZ](]~) + O]P(n 1/2>.
[4,4]

Now, notice that

My =g Z X, m — Z X/ /no | S sxy ),
i:Ziil ZZIZO

My=—ri| D0 X[/no— 37 X[/ | 8¢sxv)
1:2;=0 ©:Z;=1

So, similar arguments also apply to M>. By symmetry, replacing Z; with 1 — Z;, replacing the
treatment-group-specific quantities with their control-group analogues in the formula of (20), and

multiplying with a negative sign, we obtain that

s Hi (Y;(0) — Y(0))

To n

M, =

+ nig Z(Zz —71) [Si(o) + 79d; (0) — 2r9s;(0) — ari(Yi(0) — }7(0))]
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Finally, the conclusion follows immediately from the equation
Z;(Yi(1) =Y (1 (1—Z)(Y;(0) =Y (0
b —p o DA VW) S0 - OGO YD
nry nro

Y;(1)—Y(1) Y;(1)—Y(0
fz Tl(() (1) Y1) ~¥(0)

1 To

and that e;(2) = Y;(2) — Y (2) — d;(2) for z € {0,1}.

As a direct consequence of Proposition B.1, the bias term is

g ZH” < —217( ) Yi(0) - Y@)) '

Recall that we estimate the bias via (see also (5))

>
I

(Y; — Y 1 Y; — Y.
L =TT Z Hm 1) - — Z Hmi( i~ 1)
Lizi=1 i:2;=0 0

We apply the following proposition to characterize b:
Proposition B.2. If Assumptions 1-3 hold, then we have that

b=b- vlzZ(Zi — 1) {7“08;(%1) - mayi(l)% vQ) + 71 Si%o) — rlaYi(O)r_gY(O)}
+ op(n~Y?).

Proof of Proposition B.2. We see that

" 1 Y-, 1 Y; - Y
b:—TlT’o — Z (HM—OJ) ! 2 1_7 Z (Hii—oz) ! ) 0 = Ml—i-Mg,
M7= " "0 720 "o
where
| ) -V 1 Y(0)— Yo
My =—riro | — Z (Hu - a) 3 — (Hu - O[) 2 ,
™M 7= " "0 7=o "o
1 Y, -Y(1 1 Y; —Y(0
M2 = —T17o — (H” OL) L 2 ( ) —_ — (Hm — a) L 2 ( )
M= " "0 70 "o
For any {a1,...,a,} and {by,...,b,} with empirical averages @ and b, there is

Zai/nl Z bi/no =a — b+ — ZZ( i d bt_b)
:Z;=1 :2;=0 "o

-1 a;—a bj—b
=a—b+ — Zi_ .
a —i—nZ( 7“1)( - + o )




Applying the above equation with a; and b; replaced by (H;; — a)w and (Hy — o)~

r{ rg ’
respectively, we obtain that
| s VO-Y(1)  s0)  Yi(0) -V (0)
My =b— nZi:(Zi—rl) {rg 2 — roa 2 + 71 "2 —rlaT .

It suffice to show that M; = op(n~'/?). Applying Lemma A.5 with y; = Hy or Y;(z), we get
>izi—r(Hii — ) /n, = Op(n=/?) and Y, — Y (2) = Op(n~/2), which implies that

M; = Op(n=?)Op(n™Y?) = op(n=1/?).
This concludes the proof. ]

Combining Propositions B.1 and B.2, it is straightforward to derive the following result.

Proposition B.3. If Assumptions 1-3 hold, then we have that

Fap—T=n"" Z(ZZ —71) {ei(l) + «i(0) + si1) + Si(o)}

1 To (&) To

gl Z(Zi )% — 1) (AijQ(I) B AijQ(O)) + op(n—112).

— T T
[i,4] 1 0

C Hajek's coupling

In this section, we study Hajek’s coupling for sampling without replacement. We prove the second-
order Hajek’s coupling which is Proposition C.2. Then we use it to prove that 74y, is asymptotically
equal to the summation of several homogeneous sums which is Proposition C.3.

For ease of presentation, we consider a finite population {y;};c[,,) with > i, y; = 0. Let A;; be
the (i,)-th element of A := H diag (y1,...,yn). Let d; be the ith element of H(y1,...,yn)". We

can see that
Zﬁij = di; Z/LJ = 0.
j i

Recall that Z = (Z1,...,Z,) € {0,1}" is the indicator of a completely randomized experiment with
> uZi=mn1and ni/n =r;. Let T = (T1,...,T;,) € {0,1}" be the indicator of Bernoulli random
sampling with each element i.i.d. generated from Bernoulli random variable with probability 7.
Let ) =3, T; and T = {i : T; = 1}. We assume the following coupling between T and Z:

o Ifnf=n, Z=T,

e If n} > ny, we select a random sample D of size nj —n; in T and define Z; = 0 for ¢ € D and
Zi =T, for i € [n]\D,

e If n} < ny, we select a random sample D of size n; —nj in [n]\T and define Z; =1 for i € D
and Z; = T; for i € [n]\D.

Proposition C.1 (First-order Hajek’s coupling). If Assumption 1 holds and >, y? = O(n), then
we have that

n_1/2 Z(ZZ — Tz)yz = 0]}»(1).
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Proof of Proposition C.1. The proposition follows from Lemma A3 (iii) of [ | with

Ui = Yi- O
Proposition C.2 (Second-order Hajek’s coupling). Under Assumption 1 and Y, y? = O(n), we
have }
n_1/2 Z(ZZZ] - ’I;T‘])AU = O[P(l).
[4,4]
Proof of Proposition C.2. Let v = (vq,...,v,)" be a uniform at random permutation of {1,...,n}

and is independent from nj. Write D = 3y . Ao, (15, T3y — Ziy Ziy); apparently ED = 0. We
now bound E[D?]. First, from the coupling between T and Z, by conditioning on n}, the random
variable D is equal in distribution to

”,1 ni ni "’1 "/1 ”/1
ST A #3000 Avu+ Y0 Y A, (1-0y)

i=n1+1 j=1 i=1 j=ni+1 i=n1+1 j=n+1

if n} > ny,
ni M n} ny ny ny

=2 2 A= 2 Ay DL ) Aw(l-by)

if n} < nq, and 0 if )| = n;.
We first consider D? conditioning on some nj > n;. Under this event, we can write D =
2 (i.j)es Aviv;» Where
S:={(0,4): m+1<i<n, 1<j<m}PU{(i,j): 1<i<n, m+1<j<nj}u
{(6,5) tm+1 <4, <my,i # i}

Then, we have that

D2 = Z Agzvg + Z A’L)i’l)j Av]-vi + Z A’Ui’Uj A’Uk”Uj +
i#5,(1,)) €S i#5,(1,4)€S i#j#k,(4,9),(k,5) €S
+ Z A’vivj "Zlvjvk + Z Avivj Avivk + Z Avivj Avkvl-
i#J#k,(6,7),(4,k) €S i#j#k,(4,9),(1,k) €S i#j#k#L(1,5), (k1) €S

For the first term, we have that for each index,

12
EA2 _ Z[il,zé] Ai1i2
iy nn—1) °

Similarly, we have

= = Z[il,ig] Ai1i2Ai2i1 ~ . Z[il...zg] Ai1i2Ai3i2

EA, . Ay, = . EA,, Ay, = ,
A n(n —1) CITTERE n(n —1)(n —2)
EAU'U'A’U'Uk _ E[h...is] Aigiz Aigiy , EAU-U-AU-W _ Z[h...ig} Aigis Aigiy 7

B nin—1)(n—2) B nin—1)(n—2)

]EA A — Z[7'124] Ai1i2Ai3i4
ViU; £ VU n(n_ 1)(n_2)(n_3)
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To understand the order of the above terms, we introduce M, ..., M5 as

My = ZA”“? Z A’Lllg? M; = ‘ Z 121@'11’21211'2@'1

[i1,i2] [i1,12]
> diy A,
11
Now, by repeatedly applying Z , /L;j =d;and ), /L-j = 0, we obtain that

Z ivigAiris = Z dllAZﬂz - Z (Ahiz‘iilh + ‘Zlhiz"zlilh)

I

)

My = Zd?l, My :=
%

[il..‘lg} [741722] [ilviQ]

Z dnAulz - Z Ailizleilil - M2
[7'1712] [7;17i2]

= Z di1Ai1i2 - Z(dil"iilh - Ahil"iilil) — M,
[i1,i2] 7:1

= Z dz‘y’iilig + O(M1 + My + M5)
[i1,42]
Z —diyAiyiy) + O(My + My + Ms) = O(M; + My + My + Ms);

Z i142 1213 = Z Azlzgdlz - Z (Aiﬂz;lizh + "212'11'2‘[11'21'2)

[i1...13} [Z1712] [7;17i2]
Z Amzdm M3 + Z Alglg
[i1,12]
= Z Ailigdig + O(Ml + M3)
[i1,i2]
== Apiydi, + O(M; + Ms) = O(My + Ms + Ms);
2
> AninAigi, = = Y (AniAis, + Aiyiy Aiyiy) = O(My + My).
[2113} [i17’i2]

Applying >, d; =0 and ), Aj; = 0,, we obtain that

Z 149 1314 = Z Azlzgdzg - Z (Aiuéjliail + Ai1i2Ai3i2 + Ai1i2[1i3i3)
[ilu.ld [Zl 13] [il i3}
= Z (AiliZdil + Ailizdiz) - Z (A1122AZ213 + Ailiz‘zlish + Aiﬂz‘iisis)
[ilyiQ] [’Ll 7,3
== Z (Ai1i2di1 + A~i1i2d12 Z Alllz i3i3 Z (Ai1i2Ai2i3 + AilizAigb)
[il,iQ] [11 13 [1113]
== (Aiindiy + Aiyindiy) + > (Aiyiy Aigiy + Aiyiy Aigiy)
[i1,72] [i1,72]
- Z (A2122A1213 +Ai1i2ji3i2)'
[¢1...43]
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lSI]'7 ]S]‘ ] 1 .]“yati( ms ]'n the ana YSiS Of E :[7,113] ‘Li]igilil’i ’ [1113] 1112 7/213 &Ild E [7, 23] A’le A’Ldz ,
we ge‘ tha‘ 3 § A /4

[i1...i4]

On the other hand, writing A := |n} — n1|, we have

S| <2nA,  |{(6,4,k) i # § # K, (i,§), (k, j) € S} < 2nPA,
(i, 5.k, 0) i # 5 #k#1,0,7), (k1) € S} < 4n?A% < 4n3A.

Putting together, we obtain that when n) > nq, there exists a universal constant C' > 0 which does
not depend on A such that

5
E[D? | nj] < CAn~" ) M.
t=1

With similar arguments, we can obtain the same bound for E[D? | n}] when n} < n;. Finally, with
the law of total expectation, we obtain that

E[D? < CE[AJn" (M + My + M3 + My + Ms).
Now, by Assumption 1, we can bound EA as
EA < (EA%)Y2 = (nryrg)/? = O(n'/?).
Combining these results, we get

ED? = O (n™"/2(My + My + M + My + Ms) ) .

It remains to bound M;, i = 1,...,5. Since H;;; < 1 and Hyy = > ; H
H = H?), we have that

ZAM Z 2avi < Zyu ),
Z Azug — Z ZlZQyZQ — ZHlluyzl S Zyzl

[i1,32] [i1,32]

(due to the fact

Z122

By Cauchy-Schwarz inequality, we have that M3 < My = O(n). Finally, we have

M=) d? <Y y?=0(n). Ms< (Mady)'/? = O(n).

The above bounds give that ED? = O(n!/?). Therefore, by Chebyshev’s inequality, we have

Z /Nlil’iQ (ﬂlﬂg - ZiIZZ'Q) = Op(n1/4) — OIP(TLI/2),

[i17’i2]

The conclusion then follows. O
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Equipped with Propositions C.1 and C.2, we can now approximate 7gq, with a polynomial of
T;’s.

Proposition C.3. If Assumptions 1-3 hold, then we have that

Tap — T = nt Z(Tz —71) <€Zr(ll) + ei(0) + sil) + s,-(O))

To T To

! Z —r1) (Tj —r1) (A”;(l) - Ai]éo)) + op(n~Y?).

r r
[4,7] 1 0

Proof. For ease of presentation, we write Zi=Zi—rand T, =T, —rq. By proposition B.3, it
remains to show that

My~ My =03 (T, - Z) <€z‘(1) L) s si(0)>

1 To r1 7o

_12 NT ZZ <Aij2(1) B Aij2(0)> _ Op(n—l/Q)'

T T
[i.4] ! 0

For the term My, using »; ; A;;(2) = 0, we obtain the decomposition

LY@ - 2y (A9 - 290

1 (TT; - 2:2;) <_ T Au() | T Aa(0) )

r?n(n—1)  7rin(n—1)

<

For Ms1, as shown in the proof of Proposition B.1, we have
[4,5]

This, together with Lemma B.1, yields that

ZZZM =0(1).

e
Moreover, we see that for ¢ #£ j # k # 1,
ET?T;T, =0, ET,T;T;T; =0,
which implies that

B(Lrat) —eysany (GT)

— (riro)?n(n 1) (2‘4“) —oq),

n(n —1)



where the last inequality follows from Lemma B.1. Then, by Chebyshev’s inequality, we have

21 g = ont

Combining these results, we obtain My; = Op(n™1).
We now focus on Moy, We first expand it as

Maz = — Z(TiTj — ZiZj — T +mZ; — Ty +1Zj) ( 232( ) 132( )>

6] " "o
— 1 s 7. Aij(l) Aij(o) 1 ) ] Az’j(l) Aij(o)
== Z(TT] ZiZj) ( 2 2 + Zrl(Zl Ti) 2 r2
[4,4] [4,4]
1 A1) A0
iz -1y ( i) Al )) .
[i.4] 1 0

Then, by Lemma A.8, we see that

[i.4] ' 0
()
+ % N r(Zi - T) (—S;(%l) + 81’:?)

Applying Proposition C.2 with y; = Y;(2) — Y (2), we get

Z(E’T] _ ZZZ]) (Azj%(l) . Az]2(0)> — Op(n1/2).

[4,4]

Then, applying Proposition C.1 with y; = s;(z) and d;(z), we get

Y (Zi = Ti)si(z) = op(n'?), Y (Zi = Ti)di(2) = op(n'/?), (21)

i i
which implies that Moy = O[[D(’I’L_l/ 2). Together with the bound on Moy, it implies that
My = O]p(n_l/Q).

It remains to bound M;. By Proposition C.1 with y; = e;(z), we have

> (Zi = Tyei(z) = op(n*?),

%

which, combined with (21), implies that M; = op(n~/2). This concludes the proof. O
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D Asymptotic normality of 74, when p = o(n)

In this section, we study the asymptotic normality of 74, when p = o(n) and give the proof of
Theorem 1. We first state some lemmas that will be used in the proof.

The following Lemma demonstrates that for a sequence of population {y;};c|, satisfying a
bounded second moment and a Lindeberg—Feller—type condition, the linear type statistics is asymp-
totically normal.

Lemma D.1. Let o7 = riroy_;(yi — 9)?/n. If liminf, ,oc 0y > 0 and max;(y; — §)* = o(n), then
we have

2l AN .1),

Proof of Lemma D.1. By the Theorem 1 of [ |, we have

> Ti(yi — 9) s (vi — )
i (RPN O ) < om0

where dg denotes the Kolmogorov distance between two distributions. If liminf, . o, > 0 and
max;(y; — §)% = o(n), then

)

Yi—Y
NG

The conclusion follows. O

max
3

= o(1).

Proof of Theorem 1. First, we see that

1 (ei(l) | e(0))) 1 ei(1) €0\ n—1_
vat (ﬁzz:Tl< 71 + 70 _EZ 1 + 70 T oon Srl_le(l)—kro_le(o)'

(2

By Lemma A.3, we have

S2

_.—1g2 —-1q2 2 2
i te(D)4rg te(0) T "1 Se(l) +7o°5, 0) — ST, = Oadj-

e

Putting together, we get

var (;ﬁ ZZ:TZ <6i11) + e;(é)))) = Uzdj +o(1).

Then, by Lemma D.1, we see that under Assumptions 1-4,

1 ZT <ei(1) +€i(0)> < N(0,1).

VN0 g T 70

Recall that T; = T; — r1. By Proposition C.3, it remains to show that for z € {0,1}

n=1/2 ZTzsz(Z) = op(1), n~1/2 ZTZTJAZ](Z) = op(1).

[i,4]
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Noticing that >, H2 < >°. H;; = p, we have

E(n—w ZTisi(z)>2 = TR sl < R ST HA(Yi() ~ Y (2)

n

which implies that

Next, using that for i # j # k # [,
ET TjT, =0, ELTTT =0,
we can derive that

2
B(n YA A5(2)) = BT (452 + A 4n(2)

[4,4] [4,4]

_ (r1r0)? N2 AL ) 2(r170)* 2
= Z (Aij(2)* + Aij(2)Asi(2)) < - ZAU(Z)

[i,4] [4,4]
=20 g2 (v - ¥ ) < 20 S g (i) - Y (00)?
[i.4] ‘
rr 2 P <
< 2O S (3 ()~ P (2))? = o).
=1

Thus, by Chebyshev’s inequality, we have
n~ 2N CTT Ay (2) = op(1).
i

Then, the conclusion follows.

O]

E The CLT of quadratic forms and the asymptotic normality of

7A'db when p=n

In this section, we study the asymptotic normality of 74, when p < mn and give the proof of
Theorem 2. The main intermediate step is to show that the Kolmogorov distance between the
normal distribution and the joint distribution of the linear and quadratic terms of 7y}, is negligible

(see Proposition E.3).

For a symmetric function vanishing on diagonals, define the influence of the i-th variable of f

by
Inf; (f) = Y fliyia, .. ig)%.

12,0011
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if ¢ > 2 and Inf; (f) := f (i)? if ¢ = 1. Denote

1/2
— ; ;2 — .
Il = { X Flirsi®} o MU) = (),
11,000l
For a random variable U, define its fourth-order cumulant /14(U ) := EU* — 3(EU?)2. Set W; in
Definition 1 in the main context as W; = (T; — r1)/(r1r0)"/?, i € [n]. With the decomposition in

Proposition C.3, we define Q := (Q1,Q2)" as
Q1 = V:;lﬁro Zm <€i(1) n ei(0) n si(1) N si(0)> 7

To 1 To

oS gy (L Au) | Ai(0)
QZ = \/’E ;szy ( 7"% + 7"8 )
Z?]

and it is easy to see that \/n(7gp — T) = Q1 + Q2 + op(1). Moreover, we rewrite Q2 into the form
of a homogeneous sum

_WOZWW( ) A) | 4400 4500)),

[4,4]

Q1 and )5 define two homogeneous sums

Zfl Wza ZfZl]

[4,4]

with
nty = Yoz (), 60, 5D, 50)),
o) = 0 (-2 - 2) (200, 20,

The following Proposition gives the variances of the linear and quadratic terms.

Proposition E.1. We have

n—1 n—1
var(Q1) = TUIde,b var(Q2) = TUIde,q'

Proof of Proposition E.1. Using EW,; = 0, IEWi2 = 1, and the independence between W;’s, we
obtain that

var(Q1) Z fi(i var (W) Z f1(7)

g ei(1)  e(0)  s(1)  si(0)\?
_nz<7“1+7“0+7’1+7’0)

7

n—1 n—1 4

_ 2 _
- n (rlro)Srfle(1)+rfls(1)+rgle(0)+rals(0) - n Ohd,l>
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where the last equation follows from Lemma A.3 with a; = e;(1) + s;(1), b; = €;(0) + s;(0).
Using Y Y Hfj = H;; — H2 and recalling the definition of Q, we obtain that

Val“(QQ) _ Z(T1T0)2 <Az]2(1) . A’Lj (0)> E(VVZQVVJQ)

2
[6.4] "1 "o
Aij(1) A (0)\ [Aj(1) A0
. [i,j](r1T0)2( 7“%( )_ 7{(25 )) < Jr%( )_ Jré )>E(W12W]2)
_ (riro)? o (Vi) Yi(0)\ (Yi(1)  Y;(0) , (Yi(1)  Yi(0)
r1m 2 ; ; 3 3 2
- g (00 (00, (U050
[i.4] ! 0 0 i 1 0
r170)? Y; Y; Y; Y,
_ 1no) ZZQ”< r(%l)_ r(20)> ;(%1)_ ;%0)>
r170)> Y; Y Y;(0) Y Y;(1)-Y Y;(0) — Y(0
_(1n0) ZZ%( (1) ! 1) (0)7«2 (0)>< (1)r 1 ()72 ())
7 j 0 1 0
n—1 4
= Ohd, g

where we used the fact that Q"1 = Q1 = 0.

Let G := (G1,G2)" be a normal approximation of (Q1, Q2), i.e.

(@) = (5 )

The following proposition shows the order of aﬁdJ and oﬁd7 »
Proposition E.2. If Assumptions 1 and 2 hold, then we have that
ohgr =0(1), op4, =O0(1).

Proof of Proposition E.2. Recall that B is defined as

B-l(r-tu1m —H+ 71— 11917 diag{H 2,
() o (g weten

2 2
and Ohd.l and Ofd,q BT€ defined as

2 _ 2 2 _ 2 2
Thd,l = (Tlro)SB,r;1Y(1)+r(;1Y(0)’ Thd,g = (T170) SQ, P72y (1)—r5 2V (0)°

By sub-additivity and sub-multiplicativity of the lo-norm and the trivial bounds

<1
2

1
HI— -117 , | Hll2 <1,
n
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we see that ||B|l2 = O(1), which, combined with Assumptions 1 and 2, yields that o2, = O(1).
For J%dyq, we notice that

| ding(Q)l]> = max(Hy: — H3) < ;= O(1)

-

Therefore, by Lemma A.7, we have

1Qll> < || diag(Q)||> + || diag™(Q)]|2 = O(1),
which, combined with Assumption 1 and 2, yields that aﬁd = O(1). This concludes the proof. [

The following proposition shows that the Kolmogorov distance between (G1,G2) and (Q1,Q2)
is negligible.

Proposition E.3. Under Assumptions 1-3 and 6, we have that

1
sup  |P(Q1 < x1;Q2 < x2) —P(G1 < 215G < 22)| =6y, (1+ - > ;
(z1,22) T €ER? min{onq,q, Oha,}

for a deterministic parameter &, of order o(1).

Proof of Proposition E.3. For ease of presentation, we denote

gi == (rir0)/? <ei(1) + «i(0) + sill) + Si(o)) :

L] To 1 To
Yi(1) =Y(1)  Yi(0) - Y(O))
r? r ’

yi := (r17m0) <—
Therefore, we can rewrite that

A1) =n"g, fo(i,5) = (2vn) " Hij(yi + ;).
By Theorem 2.1 of [ |, we have

sup  |P(Q1 < x1;Q2 < x2) —P(Gh < x1;Ga < 29)]
(CE1,CE2)TER2

—C <50<Q>é +61(Q)5 + max (M <fk>>1/2) <1+ : ) !

1<k<2 min{ong,q, Ond, }

where C is a universal constant that does not depend on n and
d0(Q) = cov(Q) — cov(G)|| o,
1/2
(@ = I (@)l + L (7 )+ (ea Q)+ St (72°)

1/2

1/4
+ f1lle, (\54 (Q2)| + Zlnfi <f2)2) .
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Now, we set

1<k<2

5, =C <50(Q)é +61(Q)% + max (M (fk))1/2> .

To conclude the proof, it suffices to show that do(Q), 01(Q), max;<k<a M (fi) are all of order o(1).
By Proposition E.2, we have that

COV(Ql, Qg) = COV(Gl, GQ) =0

2 2

var(Q1) — Ohd,l — Tahd,l — Ohd,l = _ﬁghd,l = o(1),
2 n—1 , 2 1 5

var(Q2) — Ohd,q = T Ohd,q — %hd,q — _ﬁghd,q =o(1).

These estimates give that do(Q) = o(1). We then consider maxye(y 2y M (f). We have that
maxs;(2)| < 2max | H(Vi(2) — ¥(2)] < 2max |¥i(2) — ¥(2)] = o(n!/2),

which, combined with Assumption 1 and 3, yields that max; g? = o(n) and max; y? = o(n). As a
consequence, we obtain that

M(f1) = maxInf;(f1) = max f1(i)* = max g7 /n = o(1),

M(f2) = m?XIHfi(fz) = mZaXZ fa(i, 3)*(1 = 6i5) = m?XZHz?j(yi + ;)% (1 = bi5)/ (4n)
<maxylz — 0ij) /n—O(maxyl/n) = o(1).
Finally, we estimate 6,(Q). We first focus on terms relating to Q1 and f1. We see that
Zlnf (f1)? Zfl ZQE"/HQ:mgng/n-zg?/HZO(ng/n)-
Then, using
;Eijgf =0 (e + 522 ) = O max L (3 - V() ) = 0l

we get that > Inf;(f1)? = o(1) and

1/2 1/2
hle={ 56} =(Satm) =ow. (22)
On the other hand, for k4 (Q1), we have that

EQ} = Zf VEW! 43> A1) A()E (W),
i#j

3(EQ?)° = (Zfl EW2> _3Zf1 (EW?)” )" +3) A f()PEW? - EW,
i
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which yield that
Z ) [EW =3 (EW)?] = ra (W) Z A = ke (W)Y gt/

< (1) (max? S ot = o),

Next, we focus on terms relating to Q2 and fo. For Inf;(f2)?, using that (y; +y;)? < 2(y? + y]2),
we get

;Infi(fﬂ?:O(;{ZHwyz( v /n} +Z{Z 2,21 _5”)/”}2),

Expanding the above two terms, we get

Z { ZHZ]y]( B Z] /n} Z 1Z2y11/n + Z 1112 213y11y13/n2 = Mll + M127
J

i [i1,%2] [i1...13]
Z {ZHZ]y’L( - ZJ /n} Z 1Z2y12/n + Z 1112 213y12/n = M13+M14‘
i J [i1,i2] [i1...13]

First, we use Lemma A.6 and Lemma A.7 to get that

My = Mz = Z iV /n® = tr (diag(y)® diag™(Q) diag ™ (Q) diag(y)?) /n”

[i1,32]

< Yt < (i) oo = o)

For M9, by repeatedly applying > H2 < H;; <1, we get

JijFe

2
M12 - Z 1112 2Z3ylly13/n < <mlaxyz> Z 1112 213y11/n

7,1 13 [Zl 743

< (maxyz> > HR i /n? < < axy?) Zi:y?/nz =o(1)

[i1,42]

With a similar argument, we can bound My, as

4
M14_ Z 117,2 ngylz/n <Zy /n _O )

[é1...13]

Putting together, we see that

Zlnf,-(fg)z = o(1).
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We next show that x4 (Q2) = o(1). For ease of presentation, we abbreviate f(4, j) as f;;. Since
fij = fji,» we see from some basic combinatorics that

4
EQ% = E( Z filiQVVi1Wi2>
[i1,i2]

:Cl Z A EW4W4 +C2 Z fz%izfi2i3fi3i1EWi3;Wi?;Wi?a

1112

[i1,i2] [i1...3]
+C3 Z 1140 éngW2W4W2 +C4 Z fi1i2fi2i3f13i4fi4i1EWi21WiQQWiiWii
[41...33] [¢1...%4]
+12 > fRL L EWEWEWEWE,
[i1..4i4]
where C1,...,Cy are universal constant that do not depend on n. On the other hand, we can

calculate that

2y 2 2
3(EQ3)’ —3{E< > fWW> } —3(2 3 gwszvw)

[i1,42] [i1,i2]

=Cs > fhiy BWEWR) +Cr Y f2 R BW2WE) 412 > f2, 2, (BW2W2)",

[il,iz} [’L1Z3] [2114}

where Cg and C7 are universal constants that do not depend on n. Using the cancellation of the

term 3 0 25, J2:,, we obtain that

ke (Q2) = O (|Mar1| + |Maa| + | Mag| + | Maal) ,

where

4 2
M21 = Z fili?’ M22 = Z filigfiziiifigila

[i1,32] [#1...33]
Mas = Z 1o 122i37 My = Z fi1i2fi2i3fi3i4fi4i1'
[i1...13] [i1...14]

We handle these terms one by one.
The term M1 can be written as a summation of terms of the form

Z 1Zzyn yw?/n (m1,mg) € N2, my +mg = 4.

[i1,i2]

(We adopt the convention that 0 € N.) By Lemmas A.6 and A.7, for any (mi,ms) € N? with
my +mg = 4,

> HSyM 2 n? = tr (diag(y)™ diag™ (Q) diag(y)™ diag™(Q)) /n’ (23)

[¢1,i2]
< Zy4/n = o
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which implies that |Ma;| = o(1).
By Cauchy-Schwarz inequality, we have that |Mas| < Mass. The term Mss can be written as a
summation of terms of the form

Z l112 213y21 yl2 y233/n (m1,ma,m3) € N2, my +my +mz = 4.

[i1...i3]

We can find (mg ),mg ),mgl)) € N3 and (mg ),mg ),mi(f)) € N3 such that m; = mgl) + ml@),
1=1,2,3, and

(1) + mg ) + mél) =2, m§2) + m(Q) + mgz) =2

Then, applying the Cauchy-Schwartz inequality, we can obtain that

E miy,m2, M3
7/112 213y11 le ylg

[é1...13]
1/2 1/2
- 2m5> om 2mM\ ) om® 2@\
Z 7«112 127,3 i1 ylg y23 Z 7«112 127«3 i1 ylg ylg :
21 13 Zl 13

Mimicking the above proof for M, by repeatedly applying » Hf] < H;; <1 and the condition

Jii
max; y? = o(n), we get that

Z HY ™y ™2y = o(1), V(my,ma,ms) € N> my + may + m3 = 2.

1112
[11 i3]

As a consequence, it implies that
Z Zm 2,3yZL1y:2n2ygL3 =o0(1), ¥Y(mq, mg, mg) € N2, my + mg + ms = 4, (24)
[11 i3]

so we have |Maz| = o(1).
Finally, M4 can be written as a summation of terms of the form

Z H1112H1213H1324Hl4l1y“ nyQ y'bd y144/n (25)

[i1.44]

for (m1, ma, ms,my) € N* with mi + mo 4+ m3 + my = 4. To bound this term, we estimate an
intermediate quantity

ma
§ Hl1z2H1213H13z4H421yzl yzz y7,3 *Yiy /n
11749,i0 713,13 714,54 711

and define

A= < Z - Z >H11z2H1223H13z4H411yZ1 le yls y144/n

i17#142,12713,13714,14711  [i1...94]
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We observe that
4

tr H(diag(y)m” diag™ (H)) /n?

v=1

— E my
- H2122H127,3HZ3’L4H4’Lly11 yw ylg y7,4 /n
i17£12,i27143,i3 714,54 701

and A can be written as a summation of terms of the forms
Z 1123/11 y122/n (mllvaQ) €N27 m/1+m/2 =4,
[i1,i2]

and
mymh My I I / 3 / / r
E 2112 213%1 Yig Yis /m?, (mh,mh,my) € N> mf +mb+mh = 4.
[i1...43]

By Lemmas A.6 and A.7, we have

4
H diag(y)™> diag™ (H

)| n = (Zy;*/n)—o )

On the other hand, by (23) and (24), we have A = o(1). Putting together, we have that for all
(m1, ma, m3, my) € N* with my + mo + m3 + my = 4,

Z HZ112H1213H1314H411%1 yzz yz3 3/144/n = o(1), (26)
[i1...14]

which yields that |Ma4| = o(1). Combining all the above estimates, we conclude that x4 (Q2) = o(1).
In light of (22) and our bounds on x4(Qx) and >, Inf;(fi)?, k € {1,2}, there is 6;(Q) = o(1),
which concludes the proof. O

The following proposition shows the marginal convergence of )7 and Q.

Proposition E.4. Assume Assumptions 1-3 holds. We have that

(i) if iminf o7, > 0, then Q1/opay > N'(0,1);

(ii) if liminf o, > 0, then Q2/0hay 4 N(0,1).
Proof of Proposition E.J. By Theorem 1 of [ |, we have
Qu/var(Qp) 2 S N(0,1), ke {1,2},
provided that the following two conditions hold: (i) EQ{/(EQ3?)* — 3; (ii) M(fx)/ var(Qx) — 0
Moreover, by Proposition E.1, we have
var(Q1) = opqy +o(1),  var(Q2) = oitg o + o(1).

From the proof of Proposition E.3, we have seen that under Assumptions 1-3, rk4(Qy) — 0 and
M(fr) = 0 for k € {1,2}. If liminfaﬁdJ > 0and k =1, k4(Q1) — 0 and M(f1) — 0 imply
conditions (i) and (ii); if liminfaﬁdg > 0 and k = 2, then k4(Q2) — 0 and M(f3) — 0 imply
conditions (i) and (ii). Thus, we conclude the proof. O
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Proof of Theorem 2. Without loss of generality, we assume lim inf aﬁdl > 0. We split the entire

sequence into two subsequences. The first subsequence is such that all oyq,’s are larger than 571/ 6,

the second is such that all op,q4’s are smaller than 6,1/ 6
For the first subsequence, we have
1

1 - 1 -1 1) _ (14145 1/6) = ~1/6y
+min{ahd7q,ahd’l} O( +Uhd,q+ahd,l> O(14+1+6,'%) =0(5,"°)

which yields that

sup  [P(Q1 < z1;Qa < x3) — P(Gy < 15 Gy < )| < 0(6,6,1/%) = 0(55/9).

(z1,22) T €R2

We first show that given any = € R,

P<Ql+Q2§m> S]}D<Gl+G2§x>+0(1)_

Ohd Ohd

Let [-] and |-] be the ceiling and floor functions, respectively. We decompose the left-hand side as

p(mgfc)

Ohd
6,21 01+ 0
< Y P(l2g%u—lw&QSlev&W)+POQﬂz%”ﬂ
Ohd
t=|—6, %3
[0,/
< Y P(@=owr— (-1 -1 02 <Qut-0/2) + P (1] 2 5, °)
t=[-6,""%)
16,21
< ¥ P(Gg <opar — (t—1)- 042 (t—1) 82 < &y §t-5,1/2>
t=1-6:""
+P (|l > 6,1%) + 0 (5,2%53)
LI
< Y IP’<12 <z (t—1)-62 <Gy gt-&}/z)
) Ohd
t=|—6723]
16,21
+ Y P(ahdx—t-aw <Gy < opar — (E—1)- 652 (1 —1).6Y2 < &, gt-a}ﬂ)
t=[—6,""?)

+P (@i 2 5,%) + 0 (51/°).
The second term on the right-hand side is of order

03/0 6,2 = 51/0 = o(1),

o1



since, by liminf o,q; > 0 and oy,4,4 > 6,1/ 6, we have that

P(Uhdw—t~(571l/2SGQSO’hdx—(t—l)-(57{/2,@—1)-(57{/2SGlSt-d,ll/2>

1/2 (1/2
Ohd,q Ohd,l

By Lemma E.2, we have

n—1

ot 105% = O(a}/9),

n =

var(Q1) /o, M/ =

which, by Chebyshev’s inequality, implies that the third term on the right-hand side and P(|G1| >

On 1/ 6) are both negligible. As a consequence, we have

6,21
P(M §$> S P<G1+G2 <o (t—1)- Y2 <G gt.a}ﬂ) +o(1)
Ohd ~ Ohd
t=|—672/3]
<P (G1+G2 < x) LRG| > 678) + o(1)
Ohd



For the lower bound, we apply similar arguments as above to get that

[0, 2/%1
p(Ql—i—QQSm)Z Z P(MS:E,(t—l)'(s}z/QﬁQlSt'(s}zﬂ)
Ohd ~ /s Ohd
t:L*‘sn J
6,21
> > IP(QQ <opar —t- 6% (t=1)- 6/ < St-(S}/?)
t:L—5;2/3J
[0,/
> > P (02 <opar —t-0Y2 (t-1)- 02 <G <t- 5}/2> —0(5Y%)
t:L—6;2/3j
[0,/
> Z IP’<GI+G2§m,(t—1)-5}/2§G1§t-5}/2>
t=|-6,"?] 7h
[6:%/%]
Y P(ahdx—t-a,gﬂ <Gy <opar — (t—1)- 042 (¢t —1).6Y2 < &, gt-@%/?)
t=|—6,""?]
- 0(5,/%)
82221 e
> Y P St 1)< @ gt-&,ﬁ/?) +0(1)
t=|-6,"?] 7hd
2P (D% o) - p(6n] 2 09 o) 2 P (P <) o)
Ohd Ohd

Putting together the upper and lower bounds, we get that the first subsequence satisfies

P<Ql+Q2§x>_P(G1+G2§x>‘:O(1)_

Ohd Ohd

sup
zeR

We now consider the second subsequence where oy,q s are all smaller than 571/ % Which implies
that ong/ona; = 1+ o(1) in this sequence. As a consequence, we have Q1/onq = op(1l), which

means that 0140 0
T2 2 op(1).
Ohd Ohd

By Proposition E.4, we have Q1/ona, KN N(0,1). Together with Slutsky’s theorem, it implies that
d
(@1 + Q2)/ona — N(0,1).

In sum, we have that for each x € R,
’P(Q1+Q2 Sﬂf) —IP’(G1+G2 SI)
Ohd Ohd

for both subsequences, showing that this estimate indeed holds for the whole sequence. This gives
that

=o0(1)

Q1+ Q2 i)N(O, 1,
Ohd
and the conclusion then follows from Proposition C.3. ]

53



F Inference

In this section, we study the validity of the proposed inference procedure. It includes the proofs
for Theorem 3 and Corollary 2. The comment of (10) follows from the following proposition.

Proposition F.1. We have
2 2
That = (1170) 5T P (1) 4 1Y (0)°

Proof of Proposition F.1. Using Lemma A.3 with a; = €;(1) + s;(1) and b; = ¢;(0) + s;(0), we get
2 2
Ohd,l = (TITO)Srfle(l)—i-rf13(1)4—7”51@(0)—}—1”613(0)'
Denote P =1 — %11? Observe that

(e1(2),.. .,en(z))T (I-H)(Y1(2) = Y(2),...,Yn(2) — Y(z))—r

(P—H)(Yi(2) =Y (2),...,Ya(2) = Y(2)) ",

and
(51(2), ..., 80(2))" = Pdiag(H)(Y1(2) = Y (2),...,Yn(2) = Y (2))".

Then, applying Lemma A.2 with a; = r1 te;(1) 4 1 tsi(1) 4 rg tei(0) 4+ rg tsi(0), by = r7Yi(1) +
75 Y;(0) and M = (P — H) + P diag(H), and noticing that Y, a; = 0, we obtain that

= §2

2
S MTM 'Y (W) 45ty (0)

(D)4 (1) 4rg te(0)+rg ts(0)
The conclusion then follows by the definition of B in (9). O

Theorem 3 and Corollary 2 follow from the following Lemmas F.1-F 4.
Lemma F.1. Under Assumption 1, we have

cov(ZiZ;, ZrZy) = O(n™h).
Proof of Lemma F.1. Observe that
cov(Z;Z;, Zy2Zy) = BZ; Z; 2,2, — B(Z; Z;)E(Zy Zy).

First, we have

EZ,Z;Zy2Z) =P(Z; =1,Z; = 1,2, = 1,2, =1)
=P(Z=1)P(Z,=112=1)P(Z; =112, = 1,21 =1)P(Z; = 1|1Z; =1, Z, = 1,2, = 1)
En1—1n1—2n1—3

nn—1n—-2n-3"

On the other hand, we have

E(Z:Z;)E(ZxZ;)

@nl—l 2
nn—1,"



In sum, under Assumption 1, we have that

n1n1—1n1—2n1—3 mm—l 2
Z:7:, 7)) = — (™
cov(ZiZj, Zx2) nn—1n-2n-3 <n n—l)

n nA B
= n(n —1)(n i 2)(n — 3) - nQ(ni1)2 +O0(n 1)
1 1 )
=n] (n(n_ Din—2)(n—3) n2(n-— 1)2> +0(n™)

=nfO(n~®) +O0(n~H) =0(n1).

Let'g(zl) > ... > g(2n) and y(Ql) > ... > y%n) be the ordered sequence of {g;}"; and {y;}I"4,
respectively.

Lemma F.2. Assume Assumption 1 holds and Y, y? = O(n), 3,7 = O(n), max; g2 = o(n),
max; y? = o(n). For any symmetric matriz D with diagonal entries being 0 and | D|2 < C, we
have

1 1
- > Dijyigi ZiZ; = - > Dijyigyri + op(1), (27)
[¢,4] [4,5]
and
1 1 2
- > Dijyigi(1 = Z)(1 - Z;) = - > Dijyigiro + ox(1). (28)
[1.4] [i,4]

Proof of Lemma F.2. We only prove (27), and (28) follows immediately by replacing Z; with 1—Z;.
For i # j, using EZ;Z; = rq m—l we get

n—1"

1 1 ny —1 1w 1
E-— > Dijyig; ZiZ; = - > Dijyigir = (1+0(n™) - > Dijyigjri.
[é,4] [i.4] [i.4]

On the other hand, we have

1
‘n Z Dijyig;
[4,4]

1/2

< (Zy/n) W(Eijg?/n) 1D, = 0(1), (29)

which implies that
1 1
B Z DijyigiZiZi = — Z Dijyigri + o(1).
4,5 [3.4]

Thus, to conclude the proof using Chebyshev’s inequality, it suffices to show that

var (Z yingijZiZj> = o(n?). (30)

[4,4]
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Through direct calculation, we get that

var <Z yingisz‘Zj> =var(Z122) > (Cwy}.92, D}, + CatiYingir 92 D3y
[ZJ] [i17i2}
+ cov(Z123, Z17Z3) Z (C3Diyiy Diis 92 Yir Yis + CaDiviy Digis GiaYisYir i + C5Diviy Digis Yo 9in i)
[i1...i3]

+cov(Z1Za, Z3Z4) Y . C6Diyiy DigisYis 9inYia i

[il...i4}
=: Var(Z1Z2) (01M1 + CQMQ) + COV(21Z2, leg) (C3M3 + Cy My + C5M5)
+ COV(Z1Z2, Z324)C6M6,

where, C;, i = 1,...,6 are universal constants that do not depend on n. By Assumption 1 and
Lemma F.1, we have

VaI'(ZIZQ) = O(l), COV(leQ, Z123) = O(l), COV(leQ, Z3Z4) = O(n_l).

It remains to estimate the order of M;, i =1,...,6.
By Lemma A.6, we have

M; = tr (diag(y)*D diag(g)*D) < C* Zy(zi)g(%-) < (C? <m?X9@'2> ny = o(n?).

Applying the Cauchy-Schwarz inequality, we also get | M| < M; = o(n?).

For M3, let yp,; and gp; be the i-th element of D(y1,...,y,)" and D(gi,...,g,)" . We see that
> y%m =0(n)and ), g%ﬂ- = O(n) since || D||z < C. By repeatedly applying > e Dij¥j = yp,i
and Zje[n]\i Dijg; = gp,i, we obtain that

My = > DiyiyDiyiy 05,y vis = Y DiniaGi¥in¥nyia — Y, Divia Disiy 67,961 Uiy

[il...i:ﬂ [ilyiQ] [il’iQ]
2.9 2 2 2
= ZgilyD,z‘l - Z Dy, 9:,9i, = M31 — Ms3a.
i1 [i1,i2]

For Msy, it holds that
M3 < (m;ang) Zy%’i = o(n?).
(2

For M3y, we see that Mss = M = o(n?). Hence, there is M3 = o(n?).
For My and M5, we decompose them as

M4 = Z Di1i29i29D,z‘2yz’1%2 - Z DiliQDizilgiggilyilyig

[i1,i2] [i1,i2]

= Zgth,’hyD,hyh - Z nglizgizghyilyiza
i1 [i17i2]

Ms = Z Di1i2yi22‘gilgD7i2 - Z DilizDi2i1yi229i1.gi1
[i1,i2] [i1,32]
2 2 2 2 2

= ZyilgD,il - Z D5 i,43,9i, -

il [’il,ig}
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Using similar arguments as in the analysis of M3, we can show that M5 = o(n?). For My, by
Cauchy-Schwarz inequality, we have

2
( > gilgD,z'lyD,nyz’1> < ( Z 9 y}%,il) ( > g%,ily?1> :
11 ] 11

2
( > D?1i29i29i1y¢1yi2> < > Dzmymg“> :

[i1,2] [i1,i2]

which, combined with the arguments in the analysis of M3, yields that My = o(n?).
Finally, for Mg, we see that

2
) Dyg) — O(Mi| + [Ma| + M| + [Ma] + [My]) = o(n?),
[i1,82]

and we have shown in (29) that

1
- Divia: — O(1).
nE: i9ig; = O(1)

[¢.5]
Thus, we have Mg = O(n?).
Putting together the above estimates, we obtain that

ar <Zy1gJDUZZZJ> = 0(1)0(712) + 0(1)0(n2> + O(n_l)O(nQ) = 0(77,2),

[3,5]
which concludes the proof. O

Lemma F.3. Assume Assumption 1 holds and Y, y? = O(n), 3., g2 = O(n), max; g7 = o(n). For
any sequence {a;}?_ ; with max; |a;| < C, we have that

1 1
- Z aiyigiZi = Z a;yigir1 + op(1).
Proof of Lemma F.3. It suffices to show that

<Zazyzgl z> = o(n?). (31)

Direct calculations give that

ar (zaiyz-gizi) = var(2) S ataf? + cov(1,2) S oo,
i [4,4]
=: VaI‘(Zl)Ml + COV(Zl, ZQ)MQ.

Under Assumption 1, we have that

var(Zy) = O(1), cov(Zy,Z2) = O(n™1).

57



It remains to estimate the order of M; and M.
For My, by max; |a;| < C, max; g = o(n) and >_, y? = O(n), we have

> ajyigl < C? <mlaxg?> > yi =o(n?).
i i
For My, we have that

2
My = Zaz’ajyingigj < <Z aiyz‘gi) .
[i,] i

By Cauchy-Schwarz inequality, there is
2
< Z aiyigi> < max a? ( Z yf) ( Z 912) = 0(n?),
(2 (2 (2
which implies that My = O(n?). Thus, we have
var (ZaiyigiZ) = 0(1)o(n?) + o(n HO(n?) = o(n?),
i

which concludes the proof. O

Lemma F.4. Assume Assumptions 1-3 hold. For any symmetric matriz D with || diag™ (D)||2 < C
and || diag(D)||2 < C, we have that for z € {0, 1},

2 2 2 _ Q2
Sdiag= (D),Y (z) — Sdiag_(D),Y(z) +0p(1),  SHiag(D),y (2) = Sdiag(D),v(z) T oP(1);

Sdiag— (D),Y (1),Y (0) = diag— (D), (1), (0) T 0B(1).

Proof of Lemma F.J. We can write that

1 _ _
g Oy =3 2. Di(i(2) - ¥a)(¥(2) - V)
z i#j:Li=2,2j==2
= My + Mz + M,
where
1 _ _
My=—5 Y DyYi() - Y()(Y(2) - Y(2),
z #jiZi=2,2j=z2
_ _ 1 _
My =2(Y(2) - V2)— > Diy(Yi(z) - Y (2)),
ZitjZi=2,Zj=2
= — 1
Mz =2(Y(z) — YZ)2m~2 > Dy

z i#j: =2, =2

Applying Lemma F.2 with f; = g; = Yi(z) — Y (2), we get

My = %Z Dy (Vi) = V(2)(Y;(2) = Y(2)) + op(1).
i#£]
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Applying Lemma A.5 and Lemma F.2 with f; = Y;(2) — Y (2) and g; = 1, we get
My = 2(Y (2) — Y.)Op(1) = op(1).
Applying Lemma A.5 and Lemma F.2 with f; = g; = 1, we get
My = (Y (2) — Y2)?0p(1) = op(1).
These results together imply that
1 _ _
St (D)Y(2) = ; Dij(Yi(2) = Y (2))(Yj(2) = Y (2)) + op(1)
i#]
=(1+0(m™) S?iiag_(D),Y(z) +op(l) = S?liag‘(D),Y(z) + op(1).

For Sdiag7 (D),Y(l),Y(O)7 we have

1 B _
Sdiog (D) Y YO = > Dij(Yi(1) = Y1)(¥5(0) — Y0) Zi(1 — Z;) = My + Ms,
i#£]j
where
1 B _
My =— ZDij(Yi(l) - 11)(Y;(0) = ¥0)Zi Z;,
nriro it
1 B _
e — D;i(Yi(1) — Y1)(Y;(0) = Yo)Zs.
5 m‘ﬁ”o% ;(Yi(1) — Y1)(Y;(0) — Yo)

Similarly, applying Lemma F.2, we get that
r _ _
My === % Dig(Vi(1) = V1)(¥5(0) = Vo) + op(1).
i#]

The term M5y is decomposed as My = Ms1 + Mso + Mss + Msyg, where

My = S Duli1) = Y WI50) - ¥ 0) 2
My = (V(1) = Vi) > Du(0) - ¥ )2,
My = (V(0) = o) > D) =¥ ()2,
My = (V(0) = Yo)(V (1) ~ Vi) 3" Dy Z,

M= =D Di(Yi(1) = V(1) (%5(0) = Y (0)Z
i#j
— 3 Dy (Y1) = V(D)Y;0) = ¥ (0)) + ox(1)
i#j



Applying Lemma F.3 with y; = 3, Dij (Y;(0) = Y/(0)), g = 1, and a; = 1, we get
M52 = (Y(l) - }71)0113(1) = Olp(l).
Applying Lemma F.3 with y; = 3 cr\; Dijs 95 = (Yi(1) — Y (1)), and a; = 1, we get
M53 = (Y(O) - }70)0113(1) = Olp(l).
Applying Lemma F.3 with y; = Zje[n]\i Dij;, g; =1, and a; = 1, we get
Ms3 = (Y(0) — Yo)(Y(1) — ¥1)Op(1) = op(1).

These results together imply that

Sding— (D) Y (1).Y(0) = ZD” Y1)(Y;5(0) — Yo) + op(1)
i

= Stiag—(D),y(1),v(0) 1 0B(1).

Finally, for sgiag( D)y (z) We have

1 _
S hiag(D) Y (2) = — > Di(Yi(z) = Y2)* = Mg + M7 + Ms,
z .
1:4;=2z
where
1 _
Ms=— Y Du(Yi(z) = Y(2))%
=z
_ 1 _
M7 =2(Y(z) - Y;)— D;i(Yi(2) — Y (2)),
nz i:Zi:Z
- — 1
Mg = (Y(2) — Yz)2n— D;;.
z =z

Applying Lemma F.3 with y; = g; = Yi(z) — Y(2) and a; = Dy;, we get

= Y Dii(Yi(2) - Y(2))* + op(1).

2=z

Applying Lemma A.5 and Lemma F.3 with y; = 1, g; = Yi(2) — Y (2), and a; = Dy;, we get

M7 =2(Y (2) — Y.)Op(1) = op(1).
Applying Lemma A.5 and Lemma F.3 with y; =1, g; = 1, and a; = D;;, we get
Mg = (Y(z) — Y.)20p(1) = op(1).

These results together imply that
Sdlag(D Z D“ Z ) + OIP’( ) = Sﬁiag(D),Y(z) + OP(l)'

To sum up, we have concluded the proof.



Now, we are ready to prove Theorem 3. The also proof includes the technical details of the
comment of (13).

Proof of Theorem 3. Recall that we denote P = I—%ll—r. By Lemma A.7 and the fact 0 < Hy; < 1,
there is
| diag(*)[l2 = O(1), |l diag™(x)[2 =0(1), »€{H,Q,P}.

We then expand B as
B = (P — H + Pdiag(H))" (P — H + P diag(H))
= P — H + diag(H)P diag(H) + (P — H) diag(H ) + diag(H )(P — H).
Therefore, we have
diag(B) = diag(P) — diag(H) + diag(H ) diag(P) diag(H)
+ (diag(P) — diag(H)) diag(H) + diag(H)(diag(P) — diag(H)),
diag™ (B) = diag™ (P) — diag™ (H) + diag(H ) diag™ (P) diag(H)

+ (diag™ (P) — diag™ (H)) diag(H ) + diag(H )(diag™ (P) — diag™ (H)).

By sub-additivity and sub-multiplicativity of the ls-norm, we have
| diag(B)|[2 = O(1), | diag™(B)ll2 = O(1).

Therefore, for x € {H,Q, B, P}, under Assumptions 1-3, we can derive that

2 2 2 2
Sdiag(x),¥(2) = Sdiag(x),v(2) T OP() Sgiag=( v (2) = Siag= (v (z) T P(L);
Sdiag™ (x),Y (1),Y(0) — Sdiag’(*),Y(l),Y(O) + op(1). (32)

by using Lemma F.4. Thus, we have proved the consistency of those empirical estimators of
covariances.
Next, we prove that

2 2 2
I3 = Z (Sdiag(B),Y(z) - Sdiag(Q),Y(z) - Sdiag* (H),Y(z))
z€{0,1}

+ 28410~ (H),Y (1),Y (0) — S?liag(H),Y(l)—Y(O) - 53(1)—6(0) +0(n7'). (33)

Some direct calculations give that

1 2 1
Bii:1—+<1—>Hii—<1+>Hi2i,
n n n

which implies that By — Qi = 1+ O(n™1).
Applying the equation

2 2
284iag(D)Y ()Y (0) = D, Sding(D)Y(2) ~ Sing(D).¥ (1) -Y(0):
z€{0,1}

with D € {B,Q, H} and the equation
S%u)fy(o) = 5%{,1/(1)4/(0) + 53(1)76(0)7
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we obtain that

T3 = 2S54iag(B),Y (1),Y (0) — 25diag(Q),Y(1),Y (0)

_ 2 2 2 2

= z:<%meVV*%@®y@)—%mwmm%nm+%M@mmwwm
z€{0,1}

_ 2 2 2 —1

= z:(%mwmwr*%mmy@>—%m%wm+0@ )
z€{0,1}

_ 2 2 2 2 —1

= z:<%mwmvr*%m@y@)—ﬁnm%wm—%m%m+001)

z€{0,1}

2 2 2
- Z (Sdiag{B}aY(Z) N Sdiag{Q},Y(Z) B Sdiag_{H},Y@))
z€{0,1}
+ 28 i0a- - S - 52 +0 ().
diag={H},Y (1),Y(0) diag{H},Y (1)-Y (0) e(1)—e(0)
We replace all terms in the formula of aﬁd with their empirical estimators, except for the term
_Sgiag{H},Y(l)fY(O) - 53(1)76(0)7

which constitutes the bias of &ﬁd.
Using (32), we get that under Assumptions 1-3,

Oa = O + Sag(H) v (1)- v (0) T Se1)—e(0) T 0B (1)
It remains to show that if Assumption 5 holds, we have
2 2 2 2 2
Tid + Sdiag{H},Y 1)=v (0) T Se(1)—e(0) = Tadj T Se(1)—e(0) T 0(1)-
Comparing the left-hand and right-hand sides of the above formula with the formulas of o2, and
O'gdj, we find that it suffices to prove that
Sﬁiag{H},Y(l)—Y(O) = o(1), SSQ(Z) = o(1).
Under Assumption 5, using ), H;; = p, we obtain that

Shnetan vy < g D Ha(6(0) = P+ 25 57 Havi0) - T O
n i 1 2 (Vo) —Y(0)*+ %1 > (Y (0) = Y(0)* = o(1)
=1 i—1

On the other hand, using >°, H2 < >". H;; = p, we obtain that
_ 1 <& _
HA(Yi(2) ~ V(2)? € 3 (¥ (2) - ¥(2)? = o).

% =1

1
2
SS(Z) <

The conclusion then follows. O

Proof of Corollary 2. In the proof of Theorem 3, we have derived that (recall (33))

13 = Z (Sgiag(B),Y(z) - Sﬁiag(Q),y(z)> ~SY )y +O (7).
z€{0,1}

Then, the conclusion follows by replacing all terms with their empirical estimators except for
512/(1)—}/(0) and by using a proof similar to that of Theorem 3. O
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G Justification of assumptions

In this section, we prove Propositions 1-3, which provide some justifications of our assumptions.
For the proof of Proposition 1, we will use the classical Bernstein inequality.

Lemma G.1 (Bernstein inequality). Let Xi,...,X, be independent centered random variables.
Suppose that | X;| < M almost surely for all i. Then, for all t > 0, we have that

n lt2
P X;>t] < — 2 .
(52 1) <o (- srepirm)

Proof of Proposmon 1. Fix z € {0,1}. For ease of presentation, we denote Y;(z) — ( z) by Ui
and if(l)( z) — EY;(z) by U(z) By definition, (U(l) — U)2 > (U(Q) U) > ... 2 ( ) We
further define U31> > ...> U2, as the ordered sequence of {U?}" Then we ha Ve that
p B P B B p B p
> (Vi (2) =Y (2)* =D (Uay —U)? <2pU% +2) UL < 2pU° +2) U2,
i=1 i=1 =1 =1

Since EU = 0 and var(U) = var(U;)/n = O(n~!), by Chebyshev’s inequality, we have that

var(U)p = var(U) P

]P)(pUQ > cnl) < .
Cnl ncn1

Thus, choosing ¢,1 = (p/n)"/? = o(1), we get that with probability 1 — (p/n)/? =1 — o(1),
pUQ < Cp1l-
It remains to show that there exists ¢,2 — 0 such that
p
P (Z U2, > Cn2> =o(1).
i=1

Note Z 1 Uii> is increasing in p, so in the following proof, we assume that p — oo without loss
of generality.
Now, we consider the following two cases for the distribution of U?:

(1) U? is bounded almost surely, i.e., there exists an M > 0 such that

P(UZ > M) = 0.

(2) U? is unbounded, i.e., for any M > 0, we have

P(UZ > M) > 0.

In case (1), we have that almost surely,

1 p
- > U2 <pM/n=o(1),
=1
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in which case we can choose ¢,2 = pM /n.
On the other hand, suppose case (2) holds. Then, we define the upper quantiles of Uy as

Qo :=sup{M e R |P(U: > M) >a}, a>0.

By definition, P(UZ > Q,) > a and Q, — 00 as a — 0. For any c,2 > 0 and « = p/n, we have
p
P <Z UED/TL > cn2>
i=1
P
<P (Z I(U? > Q2a) < p) +P (Z UZis/n > cn2, Y I(U} > Qaa) > p)

i=1 i

<P <Z I(U? > Q2a) < p) +P (i UZI(U? > Qaa)/n > Cn2>

=1

We next deal with the events £ and &, respectively.
For &1, let e := P(Uf > (Q2q) > 2a.. Then, we apply Bernstein’s inequality with X; = e—I(Ui2 >
Q20), t =ne/2, EX? < e, and | X;| < 2 to get that

ZI(UzQ > QQa) Zn6/2 >na=p

1

holds with probability at least

1 —exp (—332ne> >1—exp (_?{]6)> =1-o(1).

This implies that P(&;) = o(1).
For &, using Markov’s inequality, we get that

i 1
P (Z U(U? > Q2a)/n > cnz> < —EU (U7 = Q2a).

C
i=1 n2

Since Q24 — 00 as @ — 0 and EU? < oo, we have EUZI(U? > Q24) — 0. Thus, we can choose
cn2 = [EUAI(U? > an)]l/Q = o(1) such that P(&) = cp2 — 0.
In sum, we have proved that with probability 1 — o(1),
p —
D (Vi (2) = Y (2))? < 2em1 + 2602 = o(1).

=1

Hence, the conclusion follows. O
Proof for Corollary 1. For simplicity of notations, we denote by Y;(z) := Y;(2)—Y (2). By definition
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and Proposition F.1, we have
1

aﬁdJ = m Z (rosi(1) + roe; (1) + r18;(0) + 7”162(0))2 , (34)
Ulzld,q - (ruro)” Z ( i ) ( ; )
[4.4]
+ ff)f S (Hi— HY) (Yi(;) 1 ) . (35)

Note O'ﬁdl > 0 and aﬁd q > 0, since both of them are variances of certain random variables. We
first prove that under Assumption 7,

- 2
> (si(2) — a¥il2)) " = o(n). (36)
Applying the inequality 3,(a; — a)? < >, a? with a; = (H;; — )Yi(z), we get that

Z(Si(z)—a?z(z))Q:Z , — @) <Za _Z (Hys — a)?Yi(2)?,

where the right-hand side is bounded by
Z(H“ —a)?Yi(2)? < max |Hyi — af?- ZY = o(n)

when max; |H;; — a| = o(1) and Y, Yi(2)? = O(n), or bounded by
D = aP(e) < <Z ¥i(2) |2+“> - (Z |Hyi— 2‘”’”>n
< (Z 7)) - (Z H, - a|2> ~ ofn) (37)

when Y, |H;; — al? = o(n) and 3, |Yi(2)[>T" = O(n). In the derivation of (37), the first inequality
uses Holder’s inequality, while the second inequality is due to max; |H;; — a] < 1. In either case,
we have proved (36), which implies that replacing s;(z) with aY;(z) in the formula of oty leads to
a negligible difference, i.e., 7

O'ﬁdVl = (n—ll)(rlro) Z {roaffi(l) + roei(1) + rlozf/i(O) + rlei(o)}z + o(1).

We denote d;(z) := Y;(2) — ei(2). Notice that 3, e;(2)d;(2') = 0 for z,2' € {0,1} and
R Z (ro¥(1) + rlﬁ(O))Q =3 (rods(1) + r1ds(0))?,

(1-— R2 (7"0 i(1) + 7“1Y(0)>2 = Z (roei(1) + rlei(O))Q ’
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With these identities, we derive that

- Z (ro(1 + a)ei(1) + 1(1 + @)e;(0) + roadi(1) + r1vd;(0))* + o(1)

:(nll)(rlro) (1+a)22(7”06i(1)+7”16i(0))2—l—azz(rodi(l)—krldi(O))Q +o(1)

1+a)? — (14 2a)R?] 02, + o(1).

I
Q

Therefore, we have

Oha > 0hay = [(1+ a)* = (14 20)R?*] 02, + 0(1), (38)

which gives the lower bound on aﬁd.

For the upper bounds on 0121 q and 0121 A applying the Cauchy-Schwarz inequality and the identity
Zj HZQJ = (H?);; = Hy;, we get that

~ ~ ~ ~ ~ ~ 2
S (m}?) . E}(g())> (Yj%n . 19-(20>> oy (Y"(z” . Y"S”)

[6,4] " "o [i.4] " "o
- - 2
2 1(1) Yz(o)

= (Hii — Hy;) ( 2 2

y 1 0

Plugging it into (35) yields that
2(rir)? HONREON
2 r1To ) % i
Thd,g < — Z(Hii — Hj;) ( 2T 2 > . (39)
y 1 0

Now, the upper bounds on aﬁd and aﬁd q follows immediately from the estimates

S (s - ) <Y/i(21) - 15(2())>2 e, S (E(Ql) - Yi(20>>2 o

T T T T
i 1 0 i 1 0

It suffices to prove that under Assumption 7,

My =Y | Hii = alVi(2) = o(n), My = |[H — o®Vi(2)* = o(n). (40)

7 7

for z € {0,1}.
When max; |H;; —a| = o(1) and 3, Y;(2)? = O(n), M; is bounded as

max |Hi; — af - > Yi(2)> = o(n).
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When 37, [Hi; — af? = o(n) and 3, |Y;(2)|>t" = O(n), M is bounded as
_2 TN
> r\ 2+’ 240"\ 247/
(S P )™ (Sl )™
n'

(L) v (S m—a)™

n# [T |Vi(2) P /n (Z |Hyi — a\z) = o(n),
7 7

by using Holder’s inequality in the first two steps, where ' € (0,7) is chosen to be a small constant
such that (2+7")/n' > 2. To sum up, under Assumption 7, we have M; = o(n). The bound on M,
then follows easily:

IN

IN

My < max |H;; + «f - Z |Hi; — a|Yi(2)? < 2M; = o(n).
i -

(2

Finally, using (39) and (40), we obtain

~ ~ 2
C7}21d,q S 2raro) Z(O‘ - a2) (Yi(zl) - Em)) +0(1)

n—1 ] rg

7

= 2(7‘17“0)20[(1 — a)531_2Y(1)—7“0_2Y(0) + O(].)

Together with (38), it concludes the proof. O

For the proof of Proposition 3, we need to use the following lemma, which is an i.i.d. version of
Theorem 2 in [1960].

Lemma G.2. Let £ = (&1,...,&) be a random vector with centered i.i.d. entries. Let A be an

arbitrary deterministic matriz. For any s > 2, there exists a constant C(s) depending on s such
that

S 1/2 8/2
E|¢7 A~ BT A9)| < Ofs) (miga )" (30 145"
1,J
The next lemma follows from a simple calculation.
Lemma G.3. Let £ = (&1,...,&) be a random vector with centered i.i.d. entries. Let A be an

arbitrary deterministic matrixz. Then, we have
E(¢' Ag) = tr(A)EE.
Proof of Lemma G.3. By the mean zero and i.i.d. conditions for the entries of £, we have

B(§TAL) = D E(6&Ay) + ) B(§Au) = 0+ (BED) D EA; = tr(A)EEE.

[i.4] g

This concludes the proof. ]
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Proof of Proposition 3. We observe that

S2 = S20)e(0) — g} Y (1)-¥(0) = St,r — Siag{FH}.y (1)—Y (0)- (41)

Through a direct calculation, we can write S%{ . as

Stro = - { (e(1) —e0) H (1) ~(0) + (8, - By) X PX (B, - By)
+2(e(1) —(0))" PX (8, — By)
=: My + My + 2Ms,

where we denote &(z) = (£1(2),...,en(2))", P =T — 1117 and X = (X1,...,X,)". We next
estimate the terms M;, i = 1,2, 3, one by one.

For M;, applying Lemmas G.2 and G.3 with s =2, A= H/(n—1), and & = &;(1) — &;(0), and
using the independence between H and &(z), we obtain that

tr(H) p

_ 2 2
] var(e1(1) — £1(0)) = — (‘75(1) + 06(0))

E(M;|H) = EM; =

=« (Ug(l) + J?(o)) +0(n™),

with ag(z), z € {0,1}, denoting the variance of €1(z), and that

B(M ~EQAIE)P |H) <€) (B6) " -5 Y2

= C(2) (BeH)'/? - N 7 = O(n).

o(1), we have

Thus, by choosing ¢,1 = [0(2)(1@5%)1/229(” - 1)_2]1/3 =

P(|My — EM:| > e |H) = P(|My — E(Mi|H)| > ¢ |H)
< e, E[|My — E(Mi|H)?|H] < cn1.
Then, using the law of total expectation, we obtain that
P(!Ml —EM;| > cnl) < cp1 = 0(1).
For My, applying Lemma G.2 with s =2, A = P/(n— 1), and & = X, (8; — Bo), we obtain
thet tr(P) T 2 T 2
n— 1E|X1 (51 —,30)‘ = ||0 (51 - 50)”2-

Notice that due to the condition E|X{ 3,|* < C, z € {0,1}, we have

EM; =

1/2
108,13 = EIX| 8.7 < (BIXT8.1) " < V2. (42)

Next, applying Lemma G.3, we obtain that

12 1
E|M, — EM,|* < C(2) (E¢H) S
Y]

=C2) (BEH (-1 = 0o@m™).
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Hence, by choosing ¢,2 = [C(2)(E§f)1/2(n - 1)*1]1/3 = 0(1), we have
]P)(|M2 — EM2| Z Cng) S Cp2 — 0(1)

For Ms, we observe that EM3 = 0 due to the independence between X and e(z). Denoting
€= (&,...,&) with & = X (8, — B,), we obtain that

1

n —

EMZ =FE [ 1(5(1) - 5(0))P§]2 =(n-1)"2 ( )t a ) E(¢" P¢)

—(n—1)" (agm v ag(o)) EM, = O(n™)).
where we used P? = P and (42). Then, we choose cp3 = (EMZ)'/3 = o(1) such that
P(|M3| > cn3) < ¢, 2EMZ = cp3 = o(1).
To sum up, we have shown that with probability 1 — o(1),
|SH .+ —ESE | < cn1 + cn2 + 2¢n3 = o(1), (43)
where
ESh, = a (02 + %) + 1078y - By} + O(n 7).

Next, we handle S’dlag{H} Y(1)=Y(0)° It is easy to see that

|Sae )Y (1)— v (0) — @S¥(1)_y (0] < max |Hi; — af - Sv 1)y (0)- (44)
By Proposition 2, we have that with probability 1 — o(1),
max |Hii — o] < cpg = no, (45)
for some constant § € (O,ﬁ). For Sy(l) Y (0) applying Lemmas G.2 and G.3 with s = 2,
A=P/(n—1)and & = (Y;(1) = Y;(0)) — (u1 — po), we obtain that

tr(P)

ES} (v () = -7 E& = 020y + o) + 07 (B — Bo) 3.

and

1 2
E[S30)-v() — ESya)_vol° < C(2) (B&) / (n— QZZ

= 0@2) EH P (n-1)2 = 0<n*1>.

Thus, by choosing ¢,5 = [E‘sz/(l)fy(o) - ES;Z/(l),y(O)P] 13 o(1), we have that
P (|532f(1)_y(o) —ESY1y-y(o) = CnS) < eps = 0(1). (46)
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Plugging (45) and (46) into (44), we obtain that with probability 1 — o(1),

‘Sgiag{H} Y(1)-y(0) — (@?(1) +020 +107(8, - 50)”%) ‘

< Cp4 ( )t a o+ 10T (B, — Byl + cn5> + acps = o(1). )
Finally, combining (41), (43) and (47), we obtain that with probability 1 — o(1),
S7 = S20)—e(0) — Singtryy()-v() > (1= @)[OT(By = Bo)l3 + o(1) > o(1).
The conclusion then follows. O
Finally, we give the proof of Proposition 2.
Proof of Proposition 2. For simplicity of notations, we denote
W=n2(Vy,--,V,), P=T- %11?
Then, we can write the matrix H as
H=PW(W'PW) 'W'P,
Now, we introduce a truncated matrix V.= (V1,...,V,,)" as
Vij == 1(|Vyj| < pulogn) - Vi, with g, == n, (48)
and denote W := n~1/2 (Vl, e ,f/n)T. Combining the moment bound max; IE\Vij]4+" < C with
Markov’s inequality, we obtain from a simple union bound that
P(V=V)=1-P (n;z;x |Vij| > ¢n log n> =1-0 ((log n)*(4+’7)) . (49)
By definition, we have
EVij = —E[1(|Vij| > pnlogn) Vij], (50)

E[Vyj|> =1 —E [1(|Vij] > ¢nlogn) [Vi[*] .

Using the tail probability expectation formula, we can check that

E[1(|Vij| > pnlogn) Vi =/0 P(11(IViy| > pnlogn) Vig| > s)ds

ganlogn [%S)
/ \Vw|>g0nlogn)ds+/ P (|Vij| > s)ds
0 ©n logn

©n logn

N
o\.,

(pnlogn)™ (4+1) 45 +/ s~ (4t g < (pn log n)7(3+”) )
©n logn
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Here, for simplicity of notations, given two quantities a,, b, depending on n, we have used a,, < b,
to mean that |a,| = O(|b,|). Similarly, we have

E[1(|Vij| > pnlogn) Viyl* = 2/ sP (|1 ([Vi| > ¢nlogn) Vij| > s)ds
0

pn logn
:2/ s}P’(|Vij|>g0nlogn)ds—|—2/ P (V| > 5)ds
0 ®

n logn

nlogn

©n logn o
< / s (¢nlogn) 7 ds + / s~ Bds < (g logn) .
0 ®

From the above two estimates, we can derive that

BV <02, E|VylP=1+0(n™), (51)
EV - VI3 = Y EL(Vy| > pulogn) Vij[? S no (log n) =2+, (52)
1,7

As a consequence, we get that

- - 1/2 .
IEWp <n72(SDEVP) T <07l P(IW - Wlp >0 55 ) =o(l).  (53)
1,]

Let D be a p x p diagonal matrix with entries Dy; = var(Vy;), i € [p]. By (51), we have
|Dii — 1] = O(n™h). (54)
Now, we introduce the matrices W := (W — EW)D~1/2 and
H =PWW'PW) 'W'P.

By definition and (54), the entries of WW are independent random variables satisfying

_ 2y logn . .
EW;j =0, EW;>=n"" Wyl < iz 0 L€ [n], j € [p]. (55)
Moreover, from (53), we see that
P (||W131/2 — W > wﬁ) = o(1). (56)

On the other hand, it is well-known that the empirical spectral distribution of WPW ' satisfies
the famous Marchenko-Pastur (MP) law [ , |, and their eigenvalues are
all inside the support of the MP law, [(1 — /)%, (1 + y/a)?], with high probability |
, ]. In particular, the following estimate is a direct consequence of the results in
[ ]: for any small constant 0 < ¢ < (1 — /)2,

P ((1 V@) — ¢ < Anin(WTPW) < Ao (WTPW) < (14 va)? + c)
—1-o(1),

(57)
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where A\pin and Apax denote the minimum and maximum eigenvalues, respectively. With (54), (56)
and (57), we obtain the following two estimates: there exists a constant C; > 0 (depending on
lim sup ) such that

P (C;l < AminWTPW) < Amax(WTPW) < 01) = 1-o(1), (58)

and :
]P’(HH’—HHQ > cln*m) 0. (59)

Since |H};, — Hy;| < ||H' — H]|2, to conclude the proof, it suffices to show that

P <max |H — o > n—5> -0 (60)

1€[n]

for any constant 0 < § < ﬁ.
Let £, = n~ /2. By (58), there exists a constant Cy > 0 such that

P (HHI — H5H2 Z CQEn) =1- 0(1),
where H . is defined as

1

W'P.
(WTP)(PW) —ie, I

H.:=PW

Observe the following matrix identity
ien

PWW'P —ic, I

H.=1+

Now, to conclude (60), it suffices to prove that

IP’H( on ) fl1-a

for any constant 0 < § < ﬁ and large constant C' > 1. Then, taking a simple union bound, we
obtain that
P |max
i€[n]

which concludes (60).
For the proof of (61), we will adopt Theorem 11.2 of [ ]. More precisely,
under the conditions on W in (55), the following estimate was proved in Theorem 11.2 of
[ |: for any small constant ¢ > 0 and large constant C' > 1,

P (‘( ngn - ) = (m(ien)P = 11,1171)
PWW'P —ie, 1/ ;; n i

where m(z) is the unique analytic function in a neighborhood around the origin that satisfies the
equation

> n‘;} <n ¢ (61)

< on > +1—-a|> né] <n~ (€D, (62)
PWW'P —ie, I/

Pn -
> /2_C> <n (63)

p m(z)

ERILSTE
nm(z)+ z

—m(z)
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In particular, from this equation, we can solve that that
im(ien) + (1 — )| < Ce; ! (64)

for a constant C3 > 0. Plugging (64) into (63) and using (n_llnlg)ii = n~!, we obtain the
estimate (61), which concludes the proof.
Remark 1. An estimate of the form (63) is often called a local law of (PWW'TP — 2I)~!, the
Green’s function of PWWTP. Such local laws of sample covariance matrices were also established
in many other papers under different settings, see e.g., [ ], [ ],
[ l, [ ], [ | (we remark that this list is far from
being comprehensive). The setting in Theorem 11.2 of [ | is closest to our
current one, but there is a minor difference that |W;;| is of order O(n~1/2+¢) in
[ ]. However, using the argument in [ ], it is rather straightforward to extend
Theorem 11.2 of [2016] to our setting with [W;;| < “0’;}‘;%" in (55) and conclude
(63). We omit the details here.

O

H Additional numerical experiments

In this section, we conduct additional simulation analysis to examine the finite sample performance
of the proposed estimator and inference procedure. In the main text, we consider the setup that X
and €(z) (which is used to generate the independent ¢ residual) have i.i.d. entries from ¢ distribution
with 3 degrees of freedom. Here, we consider 2 more setups:

e X and &(z) have i.i.d. entries from Cauchy distribution

e X have i.i.d. entries from Cauchy distribution and &(z) have i.i.d. entries from ¢ distributions
with degrees of freedom 3. We also modify the model to

Yi(1) = iy + Seale(Trans(X] 1)) + (1) /7,
Y;(0) = po + Scale(Trans(X, By)) + €i(0)/ /7,

where for a finite population {a;}? ;:
Trans(ai) = b(ﬂ(z)),

bay < by < ... < by is the ordered sequence of {b;}7 with b; generated from ¢ distribution
with degrees of freedom 3, and 7(7) is the rank of a;.

For both setups, we consider the same factorial experiments regarding ~, J, «, and the generating
models of ¢;(z). Note that the first setup represents the most challenging case in which Assump-
tion 2-3 fail. In the second setup, albeit with extremely heavy-tail covariates, the Assumption 2-3
hold. Figure 8—11 show the results for the first setup. Figure 12—15 show the results for the second
setup.

For the first setup, (Thd, &ﬁd o) outperforms its competitors in terms of relative RMSE, relative
bias, more reliable inference and shorter confidence intervals in all cases, except under the indepen-
dent ¢ residual with v = 3 and « < 0.1. The performance of 7j;, can be more catastrophic than in
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the main text when « is large. For example, the relative RMSE can be as large as 40. Interestingly,
although our asymptotic theory does not apply to these extreme regimes, in most of the cases
the relative RMSE and relative confidence interval length produced by our debiased estimator is
not too far away from 1. In other words, (74, 6ﬁd’cb) does not give significant harm compared to
without covariate adjustment in these extreme setups. This demonstrates the robustness of our
method when faced with extreme cases.

For the second setup, 7hq outperforms other competitors for smaller relative bias and relative
RMSE under the worst-case residual. Although our theory only guarantees that our method has a
better estimation efficiency and a shorter confidence interval length than the unadjusted method
under a high signal-to-noise ratio and light-tailed covariates, it is interesting that we can observe
improved efficiency even with heavy-tailed covariates.

We notice that for both setups, when v = 3, sometimes, T4 unap slightly outperforms 7,q in
terms of relative RMSE but with larger bias. Since under the worst-case residual, 7,4 unan has very
large relative RMSE, we still recommend using 7,q for heavy-tail covariates.
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Figure 8: The first set up. Relative bias for different choices of v, § and « under the worst-case
residual and independent ¢ residual. The dashed lines signify 1. Notice that for the first figure, we
use a transformation of log;y(1 + ) for the y-axis to adapt the curve display.
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residual and independent ¢ residual. The dashed lines signify 1. Notice that for both figures, we
use a transformation of log;y(1 + ) for the y-axis to adapt the curve display.
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under the worst-case residual and independent ¢ residual. The dashed lines signify 1. Notice that
for both figures, we use a transformation of log;y(1 + x) for the y-axis to adapt the curve display.
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Figure 12: The second set up. Relative bias for different choices of 7, § and a under the worst-case
residual and independent ¢ residual. The dashed lines signify 1. Notice that for both figures, we
use a transformation of log;y(1 + ) for the y-axis to adapt the curve display.
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Figure 13: The second set up. Relative RMSE for different choices of v, § and « under the worst-
case residual and independent ¢ residual. The dashed lines signify 1. Notice that for both figures,
we use a transformation of log,(1 + ) for the y-axis to adapt the curve display.
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Figure 14: The second set up. Coverage probabilities for different choices of v, § and o under the
worst-case residual and independent ¢ residual. The dashed lines signify 0.95.
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Figure 15: The second set up. Relative interval length for different choices of v, § and a under the
worst-case residual and independent ¢ residual. The dashed lines signify 1. Notice that for both
figures, we use a transformation of log;(1 + ) for the y-axis to adapt the curve display.
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